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ON THE REPRESENTATION OF LATTICES BY MODULES
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GEORGE HUTCHINSON

ABSTRACT. For a commutative ring R with unit, a lattice L is ‘“represent-
able by R-modules” if L is embeddable in the lattice of submodules of some uni-
tary left R-module. A procedure is given for generating an infinite first-order axio-
matization of the class of all lattices representable by R-modules. Each axiom is
a universal Horn formula for lattices. The procedure for generating the axioms is
closely related to the ring structure, and is “effective” in the sense that many non-
trivial axioms can be obtained by moderate amounts of computation.

1. Introduction. Given a ring R with unit, let I'(M; R) denote the lattice of
submodules of a unitary left R-module M. We may also regard I'(M; R) as the
lattice of congruences of M [3, Theorem 1, p. 159]. These lattices are among the
most important examples of modular lattices. Let L(R) denote the class of all
lattices representable by R-modules, that is, lattices L embeddable in I'(M(L); R)
for some R-module M(L). (All rings will have a unit and all modules will be uni-
tary left modules hereafter.)

Several authors have considered L(R) from the model theory viewpoint. The
classes [(R) are particular cases of a general class of models considered by B. M.
Schein [18, Main Theorem, p. 15]. Schein’s result implies that there exists a set
of first-order universal lattice formulas axiomatizing L(R) for any ring R, not nec-
essarily commutative. Furthermore, it is known that a class of algebras is axio-
matizable by universal Horn formulas if and only if it admits isomorphic images,
subalgebras, products (including the one-element algebra) and ultraproducts [13],
[14]. (For lattices as algebras, a universal Horn formula is the universal closure
of either a lattice identity or a formula of the form:

[ey =€) &(e3=e5) & ** & (€33 = €3,2)]1 = (€31 = €3,)s

for lattice polynomials e,, e,,* * ¢ , e,, in some denumerable set of variables.)
It is easily seen that [ (R) admits isomorphic images, sublattices and the trivial
lattice, for any R. If L, is embeddable in I'(M;; R) for all i € I, then I, L; is
embeddable in I'(Il,c; M;; R) in an obvious way, and so L(R) admits products.
Since Schein’s result implies that [(R) admits ultraproducts, it follows that L(R)
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is first-order axiomatizable by universal Horn formulas. C. Herrmann and W.
Poguntke gave a general class of models admitting ultraproducts; their technique
also shows that [(R) admits ultraproducts for any R [6, Theorem 6, p. 5]. Also,
Herrmann and Poguntke [6, Theorem 3, p. 2] show that [(R) is not finitely first-
order axiomatizable for various rings R, in particular, for the unitary subrings of
the field Q of rationals. (They construct a lattice in [(Q) which is an ultraproduct
of certain lattices, none of which is representable by Z-modules (abelian groups).)
M. Makkai and G. McNulty [17] considered the method of Schein applied spe-
cifically to classes L(R), and obtained some further results. In [17, Corollary 2],
they use the method of W. Craig [4] to assert the existence of a primitive recur-
sive set of universal Horn formulas axiomatizing [(R) if R is defined on a recur-
sive set and has recursive ring operations. (B. M. Schein’s method of [18] can be
used to prove that L (R) has a recursive axiomatization by universal formulas if R is
recursive, and he observes that the result still holds if R is a finitely-presented ring.)
In [17, Theorem 3], it is shown that [ (R) depends only on the set of finite systems
of equations satisfiable in R. By a finite system of equations is meant a set of formal
ring equations, each of form u, +u, = u; or u;u, = u,, where each term y; is
either a variable or 0 or 1. The system is satisfiable in R if some assignment of
elements of R to the variables causes every equation to hold in R, with 0 and 1
interpreted as usual. In [6] and [17], there are also related axiomatization results
for classes L(K) of lattices L embeddable in some I'(M(L); R(L)), where R(L)
belongs to a given first-order axiomatizable class K of rings and M(L) is some
R(L)-module,

Our main theorem, giving a Horn formula axiomatization of [(R) for com-
mutative R, requires a much longer proof than the model theory proofs. However,
the result is more than an existence proof: individual axioms with desired prop-
erties can often be generated by reasonable amounts of computation. More impor-
tant, the procedure generating the axiomatization of L(R) is closely related to the
ring structure of R, and so may yield further insights into the connection between
rings R and lattices representable by R-modules.

Our approach adapts techniques from the classical coordinatization theory
for projective geometries [1, Chapter 2] and for complemented modular lattices
[20]. However, the representations are not obtained by direct constructions as
in the classical theory, but indirectly via the embedding theorem for small abelian
categories [15], [S]. In [7], a small abelian category A, is constructed from any
modular lattice L having a smallest element 0 and satisfying the property that, for
each x in L, there exist y and z in L such that:

XAy=xANz=yAz=0, xVy=xVz=yVez

(If this is so, we say that every element of L “can be tripled” and that L is an
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“abelian” lattice. In [7], a slightly more general definition of “abelian” lattice
was given.) Using the embedding theorem for A, we obtain [7, Theorem 4.3,

p. 182]: A lattice is representable by abelian groups if and only if it is embed-
dable in an interval sublattice of some abelian lattice. The construction of A,
resembles the regular ring construction in the proof of von Neumann’s coordina-
tization theorem [20, Theorem 14.1, p. 208]: Every complemented modular lattice
having a homogeneous basis of order n = 4 is isomorphic to the lattice of princi-
pal right ideals of some regular ring R. The sets S(4, B) of [7, p. 163] used to
construct abelian category morphisms are a “relativized” version of the sets L
[20, p. 95] used by von Neumann to construct the ring elements. Negative graphs
of homomorphisms are used in both theories (see [20, pp. 133, 148] and [7, p. 157]).
This leads to the same formula (von Staudt’s multiplication) for ring multiplication
in [20] and abelian category composition in [7]. Then similar associativity
results are obtained (compare [20, Lemmas 5.1, 5.2, pp. 117-118] with [7, 3.5,
3.6, pp. 164—166]). The transitivity of perspectivity in [20, Theorem 2.2, p. 265]
is closely related to the correspondence between projectivities and category iso-
morphisms [7, 3.27, p. 179]. However, the complementation axiom is not
required in [7], so the theory is not restricted to regular rings. The “tripling”
property used to define “abelian” lattice may be regarded as a strong form of the
von Neumann requirement for a homogeneous basis. (Unfortunately, these con-
nections were not pointed out to the author in time to cite von Neumann’s work
in [7]1.)

Many other authors have considered coordinatization problems since [20],
but we will only mention the work of B. Jonsson related to the representation of
modular lattices. In [10], Jénsson gives a lattice identity equivalent to Desargues’
Theorem for a projective plane. This “Arguesian” identity is satisfied in every lat-
tice isomorphic to a lattice of commuting equivalence relations on some set [10,
Lemma 2.1, p. 196]. It is not satisfied in every modular lattice [10, Theorem 2.3,
p- 198]. As a corollary, it follows that not every modular lattice is representable
by abelian groups. (Note that a lattice representable by R-modules is represent-
able by abelian groups and by commuting equivalence relations.) In [11, Theorem 2.14,
pp. 308—309], Jonsson shows that a complemented modular lattice satisfying the
Arguesian identity is representable by abelian groups. In the same paper [11,
Theorem 3.6, p. 313], there is an example of an Arguesian (modular) lattice that
is not representable by abelian groups. In [12, Theorem 2, p. 457], he gives an
infinite family of universal lattice Horn formulas which are satisfied in a lattice if
and only if it is representable by commuting equivalence relations.

The proof of our main theorem rests on a complex construction and lengthy
computations verifying its properties. We consider this construction separately, in
the third section. In the second section, the procedure for generating the
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axiomatization of L(R) is described and motivated, the main theorem and related
results are stated, and it is demonstrated that the main theorem follows from the
asserted properties of the construction mentioned above.

This paper documents the main result announced in [8]. Other results
announced in [8] and more recent results are given in [9]. In particular, we state
a fundamental result [9, Theorem 1] below. Let R-Mod denote the abelian cate-
gory of R-modules and R-linear maps. For any infinite cardinal m, let R-Mod (m)
denote the exact full subcategory of R-Mod of all R-modules having cardinality
less than m. Then for any rings with unit R and S, L(R) C L(S) if and only if
there exists an exact embedding functor R-Mod (m) — S-Mod for every infinite
cardinal number m.

It is an open question whether [(R) C L(S) is equivalent to existence of an
exact embedding functor R-Mod — S-Mod in all cases.

2. The main theorem. Let R be a commutative ring with unit. Our first
goal is to define the procedure which generates an infinite axiomatization of [(R).
Essentially, we define certain configurations, called “R-frames”, including a special
one called the “initial” R-frame. Each R-frame determines a certain universal lat-
tice Horn formula. Four operations are defined by which R-frames can be modi-
fied. A Horn formula is “R-constructible” if it is determined by an R-frame which
can be obtained from the initial R-frame by a finite number of operations of these
four types. The R-constructible Horn formulas are the axioms for L(R). In the
following, the passages labelled “procedure” contain the formal definitions, and
the passages labelled “interpretation” explain the intended meanings of the definitions.

Procedure. Two denumerably infinite sets of variables are introduced: B =
{bosbysbys* * }and X = {x,, xq, X, X,,* * *}. Let F5(B) denote the free
R-module with generating set B. Its elements are sums Z,,, r;b; for sequences
Tgs 71> T35 * * * in R such that at most finitely many terms r; are nonzero. Let
LP(X) denote the set of lattice polynomials generated by the set of variables X.

Interpretation. Let M be an R-module. The variables of B will correspond
to elements of M, and the variables of X will correspond to submodules of M.

The special variable x, will act like the trivial submodule 0 of M.

Procedure. An “R-frame” is an ordered triple (', G, &) such that ¥ is a

formula

ey =e))&(e3=¢e) &+ &(ey,_1 =€3,),

for lattice polynomials e;, e,,* * * , e,, in LP(X), G is a finite (possibly empty)
subset of Fp(B), and a is a function By, —> LP(X) for some finite B, {bo} C B,
C B, such that b, is in B if b, has nonzero coefficient 7, in any Z,,, ;b in G.
Let Dom(a) denote the domain of a hereafter. The Horn formula “determined by”
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I, G, a) is the universal closure of the open formula:
¥ = (x5 = a(by)).

The “initial” R-frame is (¥, @, o), where ¥, denotes the formula x, = x,,
Dom(ay) = {by} and ay(by) = xo. (The formula determined by the initial
R-frame is (xo)[(xq = xo) = (xo = X()].)

Interpretation. Suppose f: X — I'(M; R) is a function, assigning submod-
ules of M to variables in X. There is a unique function f: LP(X) — I'(M; R)
extending f and preserving meets and joins. Let (¥, G, &) be an R-frame as
described above, and say that f “satisfies” ¥ if f rp-1) = fi (e,y) for every con-
juncte,, _, = e,, of V. This is just the normal use of ¥ as the hypothesis of a
Horn formula.

The terms G and o form a system of constraints, which determines a sub-
module of M if f is given. Let M2 denote the R-module of all functions B — M,
regarded as assignments of elements of M to variables of B. An element g =
Zis0 1;b; of G is interpreted as the R-linear equation g = 0 in M. More precisely,
the “R-linear set” g* is the submodule of M2 given by

g*={heMB: X rhb,) =0
i=0
Since only finitely many coefficients 7; are nonzero, the sum above is well defined.
The “box” f, () determined by « and f: X — I'(M; R) is the submodule of MB
given by

f(@) = {h € MB: h(b,) € fa(b,) if b, € Dom(a)}.

That is, a is regarded as formally specifying membership of b, in a(b,). Given
f: X—T(M; R) and h: B— M, a becomes a conjunction of statements about
membership of elements of M in submodules of M.

Suppose G = {g,, 85, * * , g,}. The “extended solution set” uy(G, o, f)
is the submodule of M? given by

BoG,a, ) =F (@ ANgFEAgF Ao+ Nghk,

the intersection of a box and finitely many R-linear sets. Let m,: MB — Mbe
the projection given by my(h) = h(by). The “solution set” u(G, o, f) is

T [1o(G, @, f)], a submodule of M. That is, the “extended solutions” are the
assignments of elements of M to variables in B satisfying the constraints G and a,
and the “solutions” are elements of M which can be assigned to b as part of an
extended solution.
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Procedure. Suppose (¥, G, o) is an R-frame, b, is in Dom(a), and bp and
b, are distinct variables not in Dom(«). Then (¥,, G, ;) is a “union augmen-
tation” of (¥, G, a) if

¥, is the conjunction ¥ & (a(b,) C x, V x,),

G, =GU {p, -b, - bq}, Dom(a,) = Dom(a) U {bp, bq},

a,(bp) = xp, a;(b,) = x, and &, (b;) = a(b;) for b; in Dom(a).
A union augmentation of an R-frame is an R-frame.

Interpretation. Union augmentation abstracts the principle that join equals
sum in T(M; R). (“If b, € x, V x,, then there exist b, €x, and b, € x, such
that b, —b, —b, = 0.”) We need only the following:

2.1. Suppose (¥, G, &) is an R-frame and (¥, G,, @, is a union augmen-
tation of it using b, — bp —b,. Let f: X — I'(M; R) satisfy ¥, such that fi (o)
= fa(by) = u(G, a, f). Then f(xqy) = fa;(by) = w(Gy, @y, f).

PrOOF. Assume the hypotheses. Now p and g are nonzero, because b, and
b, are not in Dom(a), and so a(by) = a,(b,) and u(G, oy, f) C my[f ()] =
fa,(bg) = F(xp)- Letv € f(x,) = u(G, a, f), so there exists h: B—> M in
4o(G, a, f) such that h(b,) = v. Since h € £, (), h(b,) € fo(b,). Now a(by)
Cx, V x, is a conjunct of ¥, so fa(b,) C f(x,) v f(x,). Choose v; € f(x,)
and v, € f(x,) such that h(b,) = v, +v,. Let h;: B — M be given by h,(b,)
=0y, hy(bg) = v, and hy(b;) = h(b;) fori #p,q. Ifg = Zj50 1jby isin G,
then Tp =Ty = 0 by the definition of R-frame, since bp and bq are not in
Dom(a). So, Z;5 ¢ r;h;(b;) = Zj5q 1;h(b;) = 0, and h; € g*. Using the assump-
tions on &, v; and v,, we can show that k; € f, (&) A (b — b, —b,)*. So,h,
isin py(Gy, ay, f), and v = h,(by) is in u(G,, @, f). Therefore, f(x,) C
(G, oy, f), completing the proof.

Procedure. Suppose (¥, G, @) is an R-frame, b, is not in Dom(a), and g =
Z;50 ;b; is in FR(B) such that 7, = 1 and r, = 0 for all b; not in Dom (&) U
{6, }. If r; # 0 for some b; in Dom(a), let py(g, by, ) denote the join in LP(X)
of all terms a(b;) such that r;# 0 and i # k. Otherwise, let p,(g, b, ) denote
the variable x_,. Then (¥, G,, a,) is a “defined variable augmentation” of
¥, G, o) if

G,=GU {g}, Dom(x,)=Dom(x) VU {b,},
() = po(8 by, @ and o, (b;) = a(b;) for all b; in Dom(a).

A defined variable augmentation of an R-frame is an R-frame.

Interpretation. If certain elements of an R-module belong to specified sub-
modules, then any R-linear combination of the elements belongs to the join of
the submodules. Defined variable augmentation and the “constraint reduction”
operation discussed later both abstract the above principle.
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2.2. Suppose (¥, G, ) is an R-frame and (¥, G,, a,) is a defined variable
augmentation of it using g = Z;5 r;b; such that b, is not in Dom(a) and, r,, = 1.
Let f: X = T(M; R) satisfy ¥, and suppose that f(x,) = fa(b,y) = u(G, o, f).
Then f(xg) = faz(bo) = u(G,, ay, ).

PROOF. Assume the hypotheses. Then u(G,, a,, f) C fa,(by) = fi (x9)s
asin 2.1. Forv€E f(xo), choose ii: B — M in py(G, @, f) such that h(by) = v.
Let h,: B — M be given by hy(by) = h(by) = Z;5 ¢ 11(b;) and hy(b;) = h(d;)
for i # k. Asbefore, h, € g for g, = Zj5o §;b; in G, because by not in
Dom(c) implies s, = 0, and h € gg was assumed Also, h, € g* because

k=1
> rihy @)= X rh(®) +hy(®) + X rh(b) = 0.
j=0 j=0 >k

To prove 4, € f,(a,), consider two cases. If g # b,, delete all terms with zero
coefficient and let g = b, + T, i b in FR(B) (¢=1,and k, ij,i5,° 1,
are distinct positive integers). Then h G g* implies

t t
) =— 3 rijhz(b,j) == r’ih(bii)'
j=1 j=1

Since h(b; 1) € fa(b; ), hy(b) € \/]_' fo(b; ) foo(g, by, @). So, h, € fo ().
If g =by, h(by) = 0 € f(xw) fpo(g, bk, @), and again i, € f,(a,). There-
fore, h, € uy(G,, @, f),and so v € u(G,, a,, f). But then we have f(xo) C
w(G,, oy, f), completing the proof.

Procedure. Suppose (¥, G, @ is an R-frame, G = {g,,8,,° * * , &,} and
g =2, rg isin Fg(B) for somer,,ry,* >+ ,r,in R. Then (¥, G;, ) is
called a “linear combination augmentation” of (¥, G, @ if G =G U {g}. A
linear combination augmentation of an R-frame is an R-frame.

Interpretation. This operation abstracts the usual principle that a solution
of a system of R-linear equations also satisfies any R-linear combination of system
equations.

2.3. Suppose ¥, G, a) is an R-frame and (¥, G5, o) is a linear combination
augmentation of it such that G3 = G U {g}. Let f: X — I'(M; R) satisfy ¥,
and suppose f(xo) = Fa(by) = U(G, @, f). Then f(xy) = Fa(by) = u(Gs, o, f).

PRrOOF. Given g, g, in F5(B) and r in R, we can check that (rg,)* D g}
and (gl +8)*> g’l" A g’z" Ifg=2, rg forG=1{g;,8,,***,g,} then
gf Ngy Ao+ A gy Cg* But then uy(Gs, a, f) = uy(G, @, f), and the result
follows.

Procedure. Suppose (¥, G, ) is an R-frame and g = Z,5,, r;b; is in G such
that r, = 1. Define py(g, by, @) in LP(X) as before: If g # b, let py(g, by, @)
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denote the join in LP(X) of all terms a(b;) such that i # k and r; # 0. If g = b,
let py(g, by, @) denote x,. Then (¥, G, a,) is a “constraint decrease” of
W, G, wif

Dom(a,) = Dom(a), a4(by) = alby) A po(g, by, @) and
o,(b;) = ofb;) for all b; in Dom(a), i # k.

A constraint decrease of an R-frame is an R-frame.
Interpretation. Constraint decrease is the key operation, allowing modifica-
tion of a(b).

2.4. Suppose (¥, G, o) is an R-frame and (¥, G, o) is a constraint decrease
of it usingg = Z;5, r;b;in G at by. So,r, =1. Let f: X — L satisfy ¥, and
f(x) = fa(bg) = u(G, a, ). Then f(xg) = Foy(by) = (G, oy, f).

PROOF. Assume the hypotheses. Since a,(b,) is either a(b,) or the meet
of a(by) and some other lattice polynomial, we have u(G, ay, f) C fa4(b0) -
f(xg). For v € f(x,), choose h: B — M in py(G, a, f) such that h(b,) = v as
usual. To prove that 4 is in uy(G, ay, f), it suffices to prove that h(b,) € fa(b,)
A foo(g, by, @). But h(by) € fo(b,) is known, and h € g* implies h(b,) €
fpo(g, b,, @) as in 2.2. This proves the proposition.

Procedure. A sequence u;,u,,* * * ,u, (n=>1) of R-frames is called
“proper” if u, is the initial R-frame and, for each i such that 1 <i<n, w,,, is
either a union augmentation, a defined variable augmentation, a linear combination
augmentation or a constraint decrease of u;. The formula determined by the last
term u, of a proper sequence is called “R-constructible”. That is, if u, =
(¥, G, a), then the universal closure of ¥ = (x, = a(b,)) is an R-constructible
universal Horn formula.

25. If a lattice L is representable by R-modules, then every R-constructible
Horn formula is satisfied in L.

PrROOF. Let M be an R-module, and suppose that u;,u,,***,u, isa
proper sequence of R-frames and u, = (¥, G, o). An induction on n proves that
fxg) = fa(by) = u(G, a, f) if f: X = T(M; R) satisfies ¥. (If n =1, 50 u,, is
the initial R-frame, this is easily proved. The induction step follows from 2.1,2.2,
2.3 and 2.4.) So, the universal closure of the formula ¥ = (x, = a(b)) is satis-
fied in ['(M; R). It then follows that every R-constructible universal Horn formula
is satisfied in a lattice L that is representable by R-modules.

We have proved the less difficult half of our result, which can now be fully
stated.
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MAIN THEOREM. Let R be a nontrivial commutative ring with unit. A lat-
tice L is representable by R-modules if and only if every R-constructible universal
Horn formula is satisfied in L.

Two examples of Horn formula generation by our procedure are given below:
ExaMmpLE 1. Consider the “Fano” lattice identity of R. Wille [21, p. 134]:

(g VX)IAQe3 vV xg) CLOV x3) AGey Voxg)l V[V xg) A (xy V x3)].

If the above identity is satisfied in the projective geometry I'(M; F) of subspaces
of a vector space M of dimension three or more over a division ring F, then the
Fano postulate fails for every quadrangle in I'(M; F), and so char(F) = 2 ([21],
[2, pp. 37-38]). If R is a ring with unit, not necessarily commutative, and
char(R) # 2, then there exists a lattice in [ (R) for which the above identity is
not satisfied. For example, let R® denote the free R-module generated by y 2
and y, and observe that the above identity fails if x;, = Ry,, x, = R(y; = »,),
x3 = R(y, — y3) and x, = Ry, in T(R?; R). We now show that the above
identity is satisfied in every lattice in L(R) if char(R) = 2, for any ring R. Let
Z, denote the ring of integers modulo 2. Beginning with the initial Z,-frame,
introduce two union augmentations using

Make defined variable augmentations at b using g; = b, + b3 + bg and at b
using g, = b, +b, +bg. Thenadd gs =g, +8, +g3=0b, +b, +bs,85=
8 +8 t8,=>b, +b; +bg,andg, =g, +g5 +g4 = by +bs +bgby linear
combination augmentations. Finally, perform constraint decreases at by using g,
at bg using g4 and at b using g,, in that order. The Z,-constructible Horn for-
mula determined by the last term of this proper sequence is

(xgs Xy, X5, %3, X4 )([0cg = xo) & (X T x; V x,) & (xq C x5V x4)]

= (xg CI0c;V x3) A (xp VIV [(x) v x5) A GeyVx3)])

This Horn formula is equivalent to the Fano identity above in any lattice. If
char(R) = 2, then L(R) = L(Z,) [8], [9, Theorem 5(6)], and so the Fano iden-
tity is satisfied in every lattice in L(R) by 2.5.

ExAMPLE 2. B. Jonsson’s Arguesian lattice identity ([10], cited in [3,
p. 109, #7]) is lattice equivalent to a Horn formula which is R-constructible for
any commutative R. Beginning with the initial R-frame, make three union aug-
mentations using g, = by — b, — by, & = by —b, —bg and g3 = by — b3 — bg.
Then make three defined variable augmentations using g, = —b, + b, + b,, g5 =
—b, + b3 +bg and gg = —b, + b3 + by. Now introduce five linear combina-
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tion augmentations, obtaining five new equations

8,=-8, 18,184, 83=-8; +83t8s, 8 =-8 t& t&:

810 =84~ 85 +8¢ and g;; =-8,.
Perform constraint decreases at b, using g,, at bg using gg, at by using gy, at b,
using g,,, at b, using g,,, at b, using g, and at b, using g, , in that order. The
Horn formula determined by the last term of this proper sequence is equivalent to
the Arguesian identity in any lattice.

To complete the main theorem proof, we must use the complex construction
mentioned previously. At this point, we will outline this construction M(K; R)
and describe its relevant properties. Consider first a generalization of [7, 4.2, 4.3,
pp. 181—183]. Let M be an R-module, N the set of positive integers, and MN
the R-module of all functions N — M. Say that M, in I(MN; R) has “finite sup-
port” if there exists ny in N such that h € M, and n > n, imply h(n) = 0. That
is, every element of M, has all coordinates zero outside a certain designated finite
set of coordinates. Let I;(MN; R) denote the set of submodules of MN having
finite support. Just as in [7, 4.2], we can verify that l"f(MN; R) is an ideal of
I(MN; R) and is an abelian lattice. Define a lattice embedding ¥ m- TM; R) —
l"f(MN; R) by

Vp M) = {hEMN: h(1) EM,, h(n) = 0 for n> 1},

since ¥,,(M,) as defined above has finite support.

Let K be a (0, 1) lattice, that is, a lattice with a smallest element 0 and a
largest element 1. We construct a lattice M(K; R) abstracting I‘f(MN; R) together
with a map y: K — M(K; R) which abstracts the embedding ¥,,: I'(M; R) —
I‘f(MN; R). The points of M(K; R) are equivalence classes of constraint systems.
These new constraint systems (G, «) are slightly different from those appearing in
R-frames (¥, G, &). In particular, the new lattice constraint functions a have
values in K rather than in LP(X). Also, new variables are introduced so that the
solution sets (given an embedding «: K — I'(M; R) such that «(0) = 0) will be ele-
ments of I‘f(MN; R) rather than submodules of M. The equivalence relation for
the constraint systems is generated by seven rules, four of them resembling the
R-frame operations. Under the given interpretation, equivalent constraint systems
have the same solution set in I}(MN; R). We now assert the properties of M(K; R)
and ¢ that will be established in the final section.

2.6. For every (0, 1) lattice K, there exist an abelian lattice M(K; R) and a
lattice homomorphism y: K — M(K; R) such that  is an embedding if every
R-constructible Horn formula is satisfied in K. Furthermore, for every object A
of AM(K; R) there exists a unit-preserving ring homomorphism § 4, from R into
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the endomorphism ring Hom(4, A) in Ay, gy Finally.if f: A— Bin Ay (x.r)
and r €R, then f§ ,(r) = $g(Nf.

After two preparatory results, we can show that 2.6 suffices to prove the
main theorem.

2.7. If a lattice L satisfies a set T of universal lattice Horn formulas, then
there exists a (0, 1) lattice K extending L such that every formula of Z is satisfied
in K.

PROOF. Assume the hypotheses. Adjoin a smallest element to L if it does
not already have one. Dually, adjoin a largest element if necessary. The resulting
(0, 1) lattice K extends L. It can be shown that every finitely-generated sublat-
tice of K can be embedded in L. But then every formula of £ must be satisfied
in K.

DEFINITION. If C is R-Mod or is a small abelian category, let I'(4; C)
denote the lattice of subobjects of an object 4 of C.

2.8. Let C be a small abelian category. Suppose that there exist ring homo-
morphisms § ,: R — Hom (A, A) preserving the ring unit, for every object A of
C, and suppose that {g(r)f = f§,(r) for every f: A — B in C and every r in R.
Then there exists an exact embedding functor G: C — R-Mod.

PROOF. Assume the hypotheses. By the embedding theorem [15], [5],
there exists an exact embedding functor F: C — Ab, where Ab is the category of
abelian groups and homomorphisms. For each object 4 of C, F(A) has an addi-
tive group structure. We make F(A) into an R-module, denoted G(4), by defining
rv=(F$,(M)(v) for r in R and v in F(4). Thatis, F§,() =rlg,y. Iff:A>B
in C, then Ff: G(4) — G(B) is R-linear because §z(r)f = f§,(r) holds for all 7 in
R. So, G(A) and Gf = Ff determine a functor G: C — R-Mod. Since F is an
exact embedding, so is G.

OUTLINE OF MAIN THEOREM PROOF. Assume 2.6. Suppose that every
R-constructible Horn formula is satisfied in L. By 2.7, there exists an embedding
L — K for a (0, 1) lattice K such that every R-constructible Horn formula is satis-
fied in K. Let M denote M(K; R); by 2.6 and 2.8 there exist a lattice embedding
¥: K — M and an exact embedding functor G: A,;, — R-Mod. By restricting the
codomain of ¥, we obtain a lattice embedding from K into the interval sublattice
M[Y(0), ¥(1)] of M. If A denotes the object Y(1)/¥(0) of A,,, then there exists
a lattice isomorphism M[¥(0), ¥(1)] — I'(4; A,) by [7,3.24, p. 178]. The
exact embedding functor G induces an embedding I'(4; A,;) — I'(G(4); R-Mod);
see [7, p. 183] for relevant information. So, L is representable by R-modules via
the following composite of lattice embeddings:
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L — K= M[¥(0), ¥(1)] = I'(4; Ayy) = I'(G(4); R-mod).
(Of course, I'(G(4); R-Mod) is isomorphic to I'(G(4); R).) This shows that 2.6
implies the reverse implication of the main theorem, and the forward implication
was proved in 2.5.

Recall that every interval sublattice of an abelian lattice is representable by
abelian groups [7, Theorem 4.3]. But then every Z-constructible Horn formula
must be satisfied in any abelian lattice, and so all abelian lattices are representable
by abelian groups. In fact, we can simplify [7, Theorem 4.3] as follows: A lat-
tice is representable by abelian groups if and only if it is embeddable in some
abelian lattice.

3. The construction of M(K; R). Throughout this section, R will denote a
fixed commutative ring with unit and K will denote a fixed (0, 1) lattice. To
avoid confusion with other zeros, we will denote the smallest element of K by w.

In the following, we will label certain explanatory material as “interpretation™.
Although this material is not needed for the formal definitions and calculations, it
helps one to understand the ideas motivating the construction.

DEFINITION. Let Vbe {a;,b,: k=1,2,3,+ ¢ °}, a set of two denumer-
ably infinite sequences of variables. We will sometimes write ¢, to represent a
general element a; or b; of V. Let Fx(V) denote the free R-module with free
generating set V. We will represent elements of F (V') by coefficient functions.
That is, & in Fp(V') will be any function #: ¥V — R such that #(v) = 0 except for
at most finitely many v in V. A function a: ¥ — K is a “lattice constraint func-
tion” if a(v) = w except for at most finitely many v in V. A “constraint system”
is a pair (G, o) such that G is a finite (possibly empty) subset of F (V') and
a: V — K is a lattice constraint function. Let D(K; R) denote the set of all con-
straint systems.

Interpretation. Suppose . K — I'(M; R) is an embedding for some R-module
M, and ((w) = 0. We can modify the definitions of §2 to interpret D(K; R). The
variables a;. correspond to coordinate positions in MY, and the variables b (k=>1)
are similar to those in §2. The variable b, of §2 should now be identified with
a,. We obtain extended solutions in the R-module M" similar to the extended
solutions in M2 in §2, and project the extended solutions to obtain a solution set
in I}(MN; R). More precisely, define the “R-linear set” g* for g in Fx(V) by

5*= freM”s T (@@ +gbho) = o).
k>1
Define the “box” ¢, (a) for a lattice constraint function a: ¥V — K by

(@ = {h€EMY: h(c,) € tolcy), all ¢, € V).
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Define the extended solution set v((G, a, t) to be the submodule
@ AgEAGF N Ag}

of MV,if G={g,,8;,* ** 8.} (fG= &vy(G,a,1)=1,(x).) Define the
solution set to be the projection of the extended solution set. That is,leta: N— V
be given by a(k) = a;, and let (G, a, t) be the submodule {#a: h € yy(G, a, )}
of MN. Because of the assumption ¢(w) = 0, (G, @, ¢) is in [,(MN; R). The
subsequent definitions and calculations are all motivated by this interpretation of
D(K; R).

DEFINITION. The equivalence relation E(K; R) on D(K; R) is defined by
means of seven “rules of equivalence” E; through E,. That is, binary relations
E, through E, are defined on D(K; R), and we say that s and t in D(K; R) are
“directly equivalent” if sE;t or tE;s for some #, i <7. For s and t in D(K; R),
write s ~ t if there exists a sequence s,,s,,* * *,s, (2> 1) in D(K; R) such
that s, =s, s, = tand s, is directly equivalent to s; for 1 <i <n. Then
E(K; R) = {(s, t): s ~ t} is an equivalence relation on D(K; R).

For G C Fo(V), say that v in V is “unused” in G if g(v) = O for all g in G.

If gisin FR(V), ¢ isin V and a: ¥V — K, let p(g, s, @) denote the join
in K of the finitely many elements a(v) such that v#c; and g(v) #0. If g(v) = 0
for all v # ¢, let p(g, ¢y, @) denote w.

If V) CVandgisin Fr(V),let n(g, V) denote the element & of Fx(V)
such that h(v) = g(v) for vin ¥V, and A(v) = 0 for vin V = V.

In the next paragraphs, assume that (G, «) and (H, @) are in D(K; R).

Suppose ¢, , b, and b, are distinct elements of ¥V such that b, and b, are
unused in G, and suppose that x, and x, are in K such that ofc;) C x, V x,.
Write (G, ) E(H, B) if H= G U {c,, = b, = by}, Bb,) = x;, Bby) = x, and
Bv) = av) if vF bp, bq. Then (H, B) is called the “union augmentation of
(G, @) using ¢; — bp - bq and x, and x, in K", and (G, o) is called a “union
deletion of ¢, — b, — b, from (H, §)”.

Suppose b, is unused in G and g is in F(V) such that g(b,) = 1. Write (G, @)
Ey(H,B)if H= GV {g},B(by) = p(g, by, @) and f(v) = a(v) if v # b;. Then (H, p) is
called a “defined variable augmentation of (G, @) using g at b,”, and (G, a) is called a
“defined variable deletion of g from (H, §)”.

Suppose G = {g,,8;,* * * ,&,} and g in Fp(V) equals Z7__, 7;g; for some
sequencer,,r,,* * *,7, in R. Write (G, o)Ey(H,B) if H=G U {g}and f = c. Then
(H, B) is called the “linear combination augmentation of (G, a) by g”, and (G, @) is
called the “linear combination deletion of g from (H, §)”.

Suppose there exist g in G and ¢, in V such that g(c,) = 1. Write (G, )E,
H,B)if H=G, B(c;) = alcy) A p(g, ¢k » @) and B(v) = (v) for all v # ¢ . Then
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(H,B) is called the “constraint decrease of (G, o) at ¢, using g”,and (G, @) is called a
“constraint increase of (H, B) at ¢, using g”.

Suppose a(c;) = w for some ¢, in V. Write (G, 0)Es(H, ) if H =
{n(g, V- {c,}): g€ G} and § = a. (That is,g —g(c,)e, isin Hif g isin G))
Then (H, ) is called the “null variable deletion of (G, ) at ¢,”, and (G, o) is
called a “null variable augmentation of (H, f) at ¢, ”.

Suppose ¥V, is a finite nonempty subset of {b,: k > 1} such that n(g, V,)
=0 for all g in G and a(v) = w for all vin V,. Let G, be a finite (possibly
empty) subset of Fp(V) such that n(h, V) = & for all h € G,. Write (G, o)E¢
(H, B)if H=G VU G, and B(v) = a(v) for all v not in V,,. Then (H, B) is called
an “inessential variables augmentation of (G, ) by G, using ¥,,”, and (G, ) is
called the “inessential variables deletion of G, from (H, ) using V.

Let £ be a “renumbering function”, that is, a permutation of ¥V such that
&) = a; for all k = 1. Write (G, o)E,(H, B) if H = {gt: g € G} and B = af.
Then (H, B) is called the “renumbering of (G, @) by £”. Observe that then (G, @)
is the renumbering of (4, ) by £¢~1. Let G denote {gt: gEG}if G C Fpr(V)
and £ is a renumbering function.

This completes the definition of E(K; R). The underlying space of M(K; R)
is the quotient set D(K; R)/E(K; R). Let [s] or [G, a] denote the equivalence
class modulo E(K; R) of s = (G, @) in D(K; R). ForxinK,let ¢ : ¥V — K be
the lattice constraint function given by ¥, (a;) = x and Y, (v) = w forvin ¥V -
{a,}. Define the function ¥: K — M(K; R) by ¥(x) = [&, ¥, ] for all x in K.

Interpretation. Suppose ¢: K — I'(M; R) is a lattice embedding and (w) = 0.
One can easily verify that (G, a) ~ (H, B) in D(K; R) implies »(G, a, t) =
v(H, B, ) in Ff(MN; R). That is, equivalent constraint systems have the same solu-
tion set. So, it is reasonable to treat the quotient D(K; R)/E(K; R) as an abstrac-
tion of l"f(MN ; R). Furthermore, the earlier assertion that  abstracts y,,: ['(M; R)
— l"f(MN; R) is motivated by the observation that ¥,,(¢(x)) = (&, ¥, o) for all
xin K.

We can now begin the verification of 2.6 with a critical point. The R-con-
structible Horn formulas are designed to establish the next technical result. From
this result it follows that ¥: K — M(K; R) is one-one if every R-constructible
Horn formula is satisfied in K.

DEFINITION. For s and t in D(K; R) such that sE;t for some i, i <4, say
that t is a “direct reduction” of s. (That is, t is a union augmentation, defined
variable augmentation, linear combination augmentation or constraint decrease of
s) Ifs;,s,,***,s, form>1isasequence in D(K; R) such thats,,, isa
direct reduction of s; for 1 <i<m, say that s;,s,,* * * ,s,, is a “reduction
sequence” and that s,, is a “reduction” of s;. If s is in D(K; R) and x is in K|,
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say that s is “reducible below” x if there exists a reduction t = (H, ) of s such
that f(a,) C x.

3.1. Suppose every R-constructible formula is satisfied in K. If y,z €K
and (@, ¥,)) in D(K; R) is reducible below z, then y C z.

PROOF. Assume the hypotheses, and let t,, t,,* * * , t,, be a reduction
sequence in D(K; R) such that t; = (&, ¥,) and B,,(a;) C z, where t; = (H,, ;)
for i <m. Given h in Fp(V) and B, with {by} C B, C B = {b;: j = 0}, let
no(h, B,) denote that g in F(B) such that g(b,) = h(a,), g(b;) = h(b;) if j = 1
and b; € By, and g(b;) = 0 otherwise. We intend to define an R-frame u,, =
W, G, @,) and a function f,,: X — K satisfying A(m) below, using induction
on m.

A(m): The R-frame u,, =<¥,,, G,,, a,,) is the last term of some proper sequence
of R-frames. If g € F5(B) and g # 0, then g € G,,, iff there exists h € H,,
such that g = ny(h, Dom(c,,)). Forj=>1,if b; is unused in G, , then b;
is not in Dom(e,,,), and x; does not appear in the formula ¥, or in any
lattice polynomial a,,(b,) for b, in Dom(g,,). Also, f,,(x.,) = w, f,,,(x,)
=, f,, satisfies the formula ¥,,,, £, a,,(b,) C B,,(a;) and 7,0, (b;) C
B,,(by) if k = 1 and b, is in Dom(a,,,).

For m = 1, let u,; be the initial R-frame and define f;: X — K by f,(x,)
=y, f(x,) = wand f1(x;) = w forj = 1. Then A(1) is satisfied.

For the induction step, assume that m > 1 and thatu,, _, =<¥,. _,,G,, _;,
@,, _;)and f,, _;: X — K have been defined satisfying A(m — 1). Define u,, and
fm by cases, using the assumption that t,, is a direct reduction of t,, _,.

Define f,, = f,,,_, in all cases except one. The exception occurs when t,,
is a union augmentation of t,, _, using ¢, —=b, = b, in Fr(V) and z, and z, in
K,and ¢, = a, or ¢, = b, for n >1and b, in Dom(c,,_,). In that case, define f,,
by fp(xp) = 24, fm(xq) = z,, and fm(xi) = fm_l(xj) forj#p,qorx; =x,,.

In the exceptional case above, let u,, be the R-frame union augmentation of
u,,_, using by — b, — b, if ¢, = a,, and let u,, be the union augmentation of
u,,_, using b, —b, = b, if ¢, = b, forn>1 and b, in Dom(e,_,). If t,, is
the defined variable augmentation of t,, _, using & at b, let u,, be the R-frame
defined variable augmentation of u,, _, using b, + ny(h, Dom(c,, _,)) at b,,. If
t,,, is the linear combination augmentation of t,,_, using # and g = n4(h, Dom(e,,, _,))
# 0, let u,, be the R-frame linear combination of u,,,_, using g. If t,, is the con-
straint decrease of t,,,_, using h atc, and ¢, =a, orc, = b, forn=>1 and
b, € Dom(qa,, _,), let u,, be the R-frame constraint decrease of u,, _, using
no(h, Dom(a,, _,)) at b, if ¢, = a,, and let u,, be the constraint decrease of
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u,,_, at b, using ny(h, Dom(a,,_,)) if n>1 and b, € Dom(a,, _,). In all
other cases, let u, =u,, _,.
We omit the verifications that the above definitions are proper and that
A(m) is satisfied in each case, completing the induction. The Horn formula ¥, =

(xo = a,,,(by)) is R-constructible by A(m), and so is satisfied in K by hypothesis. But

f,, satisfies ¥, by A(m), 50 f,,(xo) = f,,0,,,(by). But then

y = fm(xo) = f—mam(bo) c Bm(al) c Z,
using A(m) and our assumptions. This proves 3.1.

3.2. If every R-constructible Horn formula is satisfied in K, then y: K —
M(K; R) is one-one.

PROOF. Assume the following lemma: If s is directly equivalent to t in
D(K; R) and s is reducible below some z in K, then t is also reducible below z.
Suppose ¥(») = ¥(2) for y and z in K, s0 (&, ¥,) ~ (2, ¥,) in D(K; R). Now
(&, ¥,) is trivially reducible below z, and so (&, llJy) is reducible below z. (Use
the lemma on a sequence of directly equivalent elements of D(K; R) beginning
with (&, ¥,) and ending with (&, ¥,).) But then y Cz by 3.1 and the hypoth-
eses, and a similar argument proves z C y. Therefore, the lemma suffices to prove 3.2.

Let t = (H, §) in D(K; R) and z € K, and suppose s;,8,,° * * ,S§,, isa
reduction sequence in D(K; R), s; = (G;, ;) for i < m, such that o, (2,) Cz. To
prove the lemma, we must show that t is reducible below z if s, and t are related
by any of the thirteen types of direct equivalence.

If t is a union deletion, defined variable deletion, linear combination deletion
or constraint increase of s, , then t is reducible below z via the reduction sequence
£, 8,8, ,8,.

If t is a renumbering of s, via the renumbering function £, then t is reducible
below z via the reduction sequence (G,§, o;%), i <m.

For the remaining cases, a sequence t;,t,,* * * ,t, in D(K; R) and a
sequence Vi, V,,* * *, V,, of subsets of ¥ are constructed by induction on m
so that the property A,(m) below is satisfied. Let t, = (H;,.8;) for i <m. To
avoid possible conflicts of variables in the inductive constructions, we choose a
sufficiently large positive integer d so that n > d implies a,(2,) = o,(b,) = w and
g@,) =g®,) =0if g € G, for all i <m. Recall that b, is “unused” in G if
g € G implies g(b,) = 0, and b, is “used” in G otherwise. Also, for g, in Fp(V)
and V, C V, we write h = n(g, V) if h(v) = g(v) for v € ¥, and h(v) = O for
vEV-V,.

Ag(m): t,, is a reduction of a renumbering of t. For some ¢, in V- (V,, U {b,,
b,,* **,bg}) such that o, (c;) = B,,(c;) = w, each g in G,, satisfies
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either n(g, V,,) = 0 or n(g, V,,,) + rc, is in H,, for some r in R. We
have a; € V,,, and b; € V,,, implies b; is used in G,,,. Forj<d and
¢; € Vs Bp(c)) C oy (c;). 1fj <d and b; is unused in G,,, then b; is
unused in H,,,.

Without loss of generality, we may assume that s, # t and that t is not a
null variable augmentation or deletion of s; at @,. Let V' denote the set {a]-:
j=Z11u {b,-: b; is used in G 1} If t is a null variable deletion of s, at c,, let
t,=tand V, = V' - {c,}. If t is the inessential variables deletion of G, from
s, using ¥V, thenlet t; = t and ¥, = V' — V. In the six remaining cases,

vV, = V' and t, is a renumbering of t by some £ such that £(b,) = b, if kK <d
and b, is used in G, but &(b;) = b, for k <d and b, unused in G,, where
u > d is sufficiently large so that n > u implies k(b,)) = 0 for all 4-in H. We will
omit the calculations showing that Aj(1) is satisfied for the above choices of t,
and V,.

Assuming that m > 1 and that Ay(m — 1) is satisfied for t,, _, and V,, _,
by the induction hypothesis, we use the condition that s, is a direct reduction of
S$ym_1- If' s, isa union augmentation of s, _, using ¢, — b, — b, and z, and z,
inK,andc, €V,,_,,thenletV, =V, _, U {bp, bq} and let t,, be the union
augmentation of t,, _, using ¢, —b, — b, and z; and z,. If s, is the defined
variable augmentation of s, _, using g at b,,, thenlet V,, =V,,_; U {b,} and
let t,,, be the defined variable augmentation of t,, _, using n(g, V,,,) at b,,. If's,,
is the linear combination augmentation of s,,_; by g, and n(g, V,,_,) # 0, then
let V,, = V,,_, and let t,, be the linear combination augmentation of t,, _, by
a suitable k of form n(g, V,,_,) +rc,. If s, is the constraint decrease of s,,, _,
usingg atc,,and c, €V, _;,thenlet V,, =V, _, and let t,, be the constraint
decrease of t,, _, by h at c,, for a suitable 4 of form n(g, V,,,_,) + rc;. Inall
other cases, lett,, =t, _, and V,, =V, _,;. We will omit the verifications that
the above definitions of t,, and V,,, are proper and that A,(m) is satisfied in each
case, completing the induction. The argument outlined above proves the lemma,
since Ay(m) and @, (2,) C z imply that a renumbering of t is reducible below z in
the final eight cases. This completes the proof of 3.2.

We make M(K; R) into a lattice by operations induced in the quotient
D(K; R)/E(K; R). That is, binary meet and join operations are defined on D(K; R)
so that E(K; R) is a congruence for these operations.

Interpretation. Suppose «: K — I'(M; R) is an embedding such that w) = 0.
Define »,: D(K; R) = Ts(MN; R) by »,(s) = (G, a, 1) if s = (G, a). ThensA't
and s V t are defined in D(K; R) so that v s At) =p,(s) Ny, (t) and v, (s V t) =
v,(s) +v,(t)in I‘f(MN; R), independently of the choice of ¢ and M. That is, our
purpose is to define formal meets and joins of constraint systems corresponding to
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the usual meets and joins of their solution sets.

DEFINITION. For s = (G, @) in D(K; R), let the “length” of s, denoted Isl,
equal the smallest integer n, n = 1, such that k > n implies a(e;) = a(b,) = w
and g(a,) = g(b;) = 0 for all g in G. Clearly, [s| exists for every s in D(K; R).

For ¢;, ¢ in V, let tr(c;, ¢): V — V denote the bijection transposing ¢
and ¢, and leaving all other v in ¥ fixed. If ¢; = ¢, tr(c;, ¢x) = 1. Given
m = 1 and i,j >0, we will denote by tr,, (i, j) the product TI_; tr(b;, 145 bjm+x)s
where the product operation is composition of functions. These functions tr,, (i, )
are frequently used as renumbering functions. We also define bijections O VoV
given by the product L tr(by, bypm 4£)tr@xs ban+ 1ym+x)» for any m > 1
and n = 0. For (G, a) in D(K; R), we let G9,,, , denote the finite subset {gf,, ,:
& € G} of FR(V), and observe that af,, , is a lattice constraint function. (We
will also let — G denote the set {—g: g € G} for G C Fr(V))

Form=>1andiy,ip,+++,i, 20,let Q; ,. ..., (m)denote the follow-
ing m-subset of Fp(V):

n
@ =2 bil-m+k:k=l’2" L mp.
i=1

For example, Q; 3(m) = {ay = by — b3y kK <m}.

If @, B: V — K are lattice constraint functions, let & V  and a A § be the
lattice constraint functions given by (a V B)(v) = a(v) V B(v) and (a A B)(v) =
o(v) AB() for all vin V. Let a® and a® be functions given as follows: a®(a,) =
o(ay), a’(by) = w, a®(g;) = w and a®(b,) = a(b,), for all k > 1.

Let s = (G, o) and t = (H, ) in D(K; R), and suppose that m = |s|, |t].
Define y,,(s, t) = (J;, 7,) and z,,,(s, t) = (J,, 7,) in D(K; R) as follows:

J, = Ql’3(m) U] Gem'o UHGm’l, 7y =(@VB)Y’v a0m’o \V; [30,,,,1,

T2 =01 (m) U Q5(m) U GO,y o U HB,p 1,7, = (@A BY*V 0B, oV B0,
Define s Vt = y,(s, t) and s At = z,(s, t) for n = max{|sl, |t|]}. Note that
1Y (s, OI = I2,,(s, t)] = 4m for m > |s], It].

Interpretation. Suppose t: K — M(K; R) is an embedding and «(w) = 0.
Let s = (G, o) and t = (H, B) in D(K; R), and let n = max{|s|, [t|}. The extended
solutions h: ¥V — M in v((G, @, t) or in vy(H, B, ¢) can be represented in tabular
form by pairs of sequences (h,, h,), where

ha = (h(al), h(az)s ¢ ’ h(an), 0’ 0’ b ')’ and
hb = (h(bl): h(bz)’ ctc, h(bn)9 0: 0’ b ')-
(Note that h(a,) = h(b;) = 0 for k > n because t(w) = 0 and n > s, [t|.) The
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solution corresponding to this extended solution # can be represented by the first
sequence h,. Now sV t = (J;, 7,) is constructed so that f: V' — M is in

vo(Jys 71, 0 if and only if there exist g: ¥V — M in vy(G, o, t) and h: V — M in
vo(H, B, ¢) such that

f;, = (g(al) + h(al)’ g(az) + h(a2)9 ce ’g(an) + h(an)’ 0’ 0’ b ')9
fb = (g(bl)’ g(bz)’ AR ’g(bn)’g(al): g(a2)’ ¢ 9g(an)1
h(bl)s h(b2): ¢ ’ h(bn), h(al): h(az)’ ¢ ’ h(an)’ 0’ 07 b .)'

So, the solutions f, correspond precisely to sums of solutions g, + h,, as was
required. Similarly, for s A t = (J,, 7,), f: V= M is in vy(J,, 7,,.0) if and
only if there exist g in vy(G, a, 1) and h in vy(H, B, ¢) such that f, =g, = h, and
f, is again given by the formula above. Therefore, the solutions f, corresponding
to s At are just the solutions common to s and t, as was required.

33. Fors,tinDK;R), sVt~tVsandsAt~tAs.

PrROOF. Clearly t V s is the renumbering of s V t using tr,, (0, 1) for n =
max{|sl, |t|}, and similarly t A s is the renumbering of s A t using tr, (0, 1).

34. Let (GU J,a) and (HY J, o) be in D(K; R), and suppose that for
every g in G there exists h in H such that g(c,) = h(c,) for all c,; in V such that
a(c,) # w, and that for every h in H there exists g in G such that g(c,) = h(c;)
for all ¢; in V such that ofc,) # w. Then (GU J,a) ~ (H VU J, a) in D(K; R).
In particular, if g in G and g(c,) # O implies a(c,) = w for all ¢, in V, then
(GY J,0) ~ (J,a). Furthermore, if a® =y, then (J, a) ~ (2, ¥,)-

ProOF. Assume the hypotheses for (G U J, &) and (H U J, a),and choose
n=|(GUJ,a)l, I(HY J,o)l. Perform null variable deletions at ¢, for all values
of k£ < n such that a(c,) = w. So, we obtain (G U J, &) ~ (G, U Jg, ) and
(HU J,a)~ (Hy L J,, a), where G,, is the set of equations obtained from equa-
tions g of G by dropping all nonzero terms g(c, )c, for which a(c;) = w, and H,,
and J,, are obtained from H and J, respectively, in the same way. By the hypoth-
eses on G and H, however, we have G, = Hy,and so (GU J,) ~ (HU J, a).

Suppose that g(c,) # 0 implies a(c;) = w for all g in G and ¢; in V. Then
(GU J,) ~ ({0} U J, a) as above, for G # @. If J is nonempty, then ({0} U J, )
~ (J, @) by a linear combination deletion. It is also easily checked that ({0}, o) ~
(8,0),50 (GU J,a) ~ (J, ).

Finally, suppose a? =  ,. Noting that (J, @) ~ (J,, @) by null variable
deletions as above, we observe that 4 in J,, implies h(z,) = O for k > 1 because
a’ =4y . Also, h(b,) =0if k >m = |(Jy, ®)l. But then (Jy, ®) ~ (2, ¥,,) by
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an inessential variables deletion of J, using {b,, b,,* * * , b,,}. This completes
the proof of 3.4.

35.Ifs,tarein DIK; R)and m 2 |s|, It|, thensV t ~ y, (s, t)and s A t
~z,(s,t).

PROOF. Assume the hypotheses, and let n = max{ls|, It|]}. If y,, (s, t) =
(J, 1), then ¥(@;) = ¥(b,, 1.4) = Yl3myr) = wforn <k <m. If J, =
@y =bpyx ~bymer: n<k<m},then(J,7)~(J-J;,7) by 34. ButsVt
= »,(s, t) is clearly a renumbering of (J = J;,7),s0sV t ~ y,.(s, t). The proof
that s A t ~ z,,,(s, t) is similar.

3.6. E(K; R) is a congruence for meet and join in D(K ; R).

PRrROOF. Suppose s, t, u are in D(K; R), and n = max{|s|, Itl, lul}. It suf-
fices to prove the following lemma: If sE;t for some j, j <7, then V(s u) ~
Ym(t, w) and z,,(s, w) ~ z,,(t, u) for some m, m > n. From this lemma and 3.5,
an induction argument proves that s ~ t impliesssAu~tAuandsvu~tVu
Using this result and 3.3, it follows that E(K; R) is a congruence.

If t is a constraint decrease of s at @, using g, then y,(t, u) can be otained
from y, (s, u) by two constraint decreases (at b,, ., using 80,9, then at a; using
8 = byig = b3nsi)-

If t isa null variable deletion of s at ¢, and m > k, n, then y, (t, u) can be
obtained from y,,(s, u) by a null variable deletion at b,, , , followed by a null
variable augmentation at b,, , , restoring the linking equationa; —b,,, . =b3,,; 41

If t is a renumbering of s by a renumbering function £, then we can suppose
without loss of generality that £(b;) = b, for all K > n. But then y,(t,u) is a
renumbering of y, (s, u) using £ also.

In the remaining cases, it is relatively easy to show that sE;t implies y,,, (s, u)
E;y,,(t, u) for some sufficiently large m. We will omit these cases, plus all the
similar arguments showing that sE;t implies z,,,(s, u) ~ z,,(t, u). This outlines
the proof of the lemma, completing the proof of 3.6.

DEFINITION. If G; C Fp(V) fori=1,2,++ ,n,let [[G,,G,,* * * ,G,]]
denote the R-submodule of Fr (V) generated by G, U G, U * + + U G,,.

37. If  GY H,a) and (G U J, o) are in D(K; R) such that [[G, H]] =
[[G,J]1],then (G H,a) ~ (G Y J, @). In particular, (GU H,a)~ (G VY (— H), a).

PrOOF. Assuming the hypotheses, both (G U H, a) and (G V J, o) are equiv-
alent to (G U H U J, o) by some number of linear combination augmentations.
For the second part, observe that [[G, H]] = [[G, - H]].

DEFINITION. Suppose J,, Jy,* ** ,J, and Gy, Gy, * ¢, Gq are finite

subsets of Fp(V), and @, o, 0y, * * *, a, are lattice constraint functions. For
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m=1, F,(Jg, Jys° * 5 JplGo, Gyy® + +, G,) denotes
JoUJyUs e UJ, UGy, ¢UG S, U UG, .

and f,, (alag, &y, * + +, o) denotes & Vagf,, o Va0,V ** Vb,
In general, we will use these notations only when m = |(G;, o;)| for 0 <i <g,
and a = a%. In this case, we observe that 4 in G,-Om’,. for some i,0 <i<gq,
implies that (a,) = 0 for all k > 1, and A(b;) = O unless 2im < k < (2i + 2)m.
Furthermore, v = f,, (alog, 0, * * * aq) is then given by y(a;) = a(a;) for all
k21, Y®zim+1) = @0x) and YB(2i4 1ym +1) = %@, fork <mand 0 <i<g,
and y(b;) = w fork > (2q + 2)m.

Suppose i;,ip,* * * ,i and j,,jp, ", ]q are nonnegative integers, and

m > 1. Define P;i ’Ii;’ o "p(m) as the following subset of Fp(V):

{(é‘,l bikm+a>‘ (2 ,k,,,,rd) d=1,2,+ mi

For example, P3o(m) = {b3,n4+4 ~ Bymsa = bom+q: d <m}. In the following,
we will often let

il,lz, . ,ip
le,jzy".vjq and P]l ]2 ]q

abbreviate

PR LEEN)
(m) and BY20P (),

9

respectively, when m can be understood from the context. In particular, m is
understood for an argument of the F,, notation.

38. Let H, Gy, Gy, * * * ,G, be finite subsets of Fr(V),let m = |(G;, ¥ )|
for0<i<n,andlet ry,r,,ry €R such that r, € {1,— 1}. Suppose i, j and k
are distinct integers, 0 <1, j, k < n, such that the following equations are in H:

I,iz"":jq

rbyimea + rzszm+d + 73Dk m +q Whenever d < mand g(b,) # 0
for some gin G i and
"bairvym+a T 2b@jr1ym+a F 7302k +1)ym +a Whenever d <m and
g(ay) # O for some g in G;.

Furthermore, suppose either that ry = 0 or that G; C Gy. Then G0, ; C

[[F,(HIGy, Gy, « *, G,)]]. Ifin addition r, € {1, - 1}, and H =g H =
G,V Gi and Hp =G, forp #1i, j, then

[[Fm(HIGo, Gl" b ,Gn)]] = [[Fm(HlHoaHp' M ,Hn)]]-
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IfG, J, Jy, Jy,* * =, J, are finite subsets of Fp (V) such that m = |(J, ¥,,)|
and Q,(m) C G, then

(Fn (G, W g, Ty s s o, I = [[F,(GIT VU T, Ty, e v =, I)I].

PROOF. Assume the hypotheses of the first part, and observe that g € G;
implies

rlg(?m’i + rzgem‘i + r3g0m,k

m
- 2 80)rb2im4a +705im+a *+r3b2km+a)
d=1

m
‘dzl 8@)r1b2it1ym+a T 2b@jr1ym+a r3beak+ l)m+d) =0.

But 7380, , € [[G40,, x]] because either r; = 0 or G; C Gy, by hypothesis.
So, G;0,, ; C [|H, G;0,, j» G0py x]] because ry € {1, 1}, and

[[H, G0, 12 GO ;1] = [[H, G0,y G0, 1]

if we also assume r, € {1, — 1}. This proves the first part.
For the second part, observe that g € J implies that

m
8§=80p, 0" 2 8@, —b,,.4) =0.
d=1

Therefore, [[G,J]] = [{G,J0,, ¢]] if Q;(m) C G, and the result follows. This
completes the proof of 3.8.

DEFINITION. We will use reverse functional notation for lattice polynomials
w(s;,8p,° * * , §;) with variables s;, i < g, in D(K; R). That is, a “D(K; R) poly-
nomial” is recursively defined as (1) a one-term sequence (x,) with x, € D(K; R),
or (2) a sequence formed from shorter D(K’; R) polynomials e and e, by juxtapos-
ing sequences e * e, * (x,;), where x,, € {V, A}. (For example, (s, s,, V,S3,$;,
V, A is the D(K; R) polynomial usually written as (s, V s,) A (s3 V 5;).) Given
a D(K; R) polynomial w(s;, 8,5, * * ,85) = (Xg,Xy,° * * x,), there is a unique
D(K; R) polynomial w;(s;,s,,***, sq) of form (xj, Xip1s®* s x;) for each i,
0<i<n. Ifx;=s, in D(K; R), then w;(s;,85,° * * ,8,) = (). Ifx; €{V, A},
however, then there exists a unique integer k, j < k <1, such that

Wi 1(S15 85 * 0 58) = (X Xjpps* * 0 5 Xk_q)s
Wi 1015850 0 580) = (X Xppq* * 0 5 X;_y) and

wi(s;,8,,° * ,sq)=wk_l(sl,s2, L) ,sq)xiW._l(sl,sz, ) ,sq).
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In this case, we say that x; is “connected” to x; _, and x;_,. Of course,
Wp(Sy5 825 % * * 585) = W(sy,82,° * * ,5;). We observe that x is in D(K; R)
always, and that x,, € {v, A} if n > 0. Furthermore, there is a unique “path”
from x,, to each x;, i < n; that is, there is a sequence x; N R such
that x; = x,, Xp, =% and Xy is connected to Xty for 1 <j<p.

Suppose w(s;,s;,* * * , sq) = (X9, Xy, * * * ,X,) is a D(K; R) polynomial,
for s; = (G;, o) in D(K; R), i <q. We will recursively define F,,(xg, X;,* * * ,X,,)
in D(K; R), for any m 2> [s,], Is,l, ¢ * », Isql. If x; = Sp for some p < q, then
define H; = G, and §; = 0. If x;€{v, A}, thenlet ;= and §; = ¢ ,. We
now define F, (x4, x,,° * * , x,) = (/, 7) as follows:

J=Fm(H|Ho’ H19' ° ’Hn))

Y =fm(w(ap Gy, ** ,aq)alﬁo.ﬁl, cc, Bn)

It remains to give the definition of H. For any finite set I containing sequences
t= (i}, 1y, * * ,i,) of nonnegative integers, let (/) denote Uer ‘Q,. (For
example, if I = {(1), (5, 7)}, then Q(I) = Q; U Q5 ;) If I'and I are sets of
sequences of integers, let 7 # I' denote the juxtaposition set product {¢ * ¢':
L€1I,/ €I'}. (Forexample, I *I' = {(1,5),(1,7,9),3,5),(3,7,9)}if I =
{(1), (3} and I' = {(5), (7, 9)}.) We now define a sequence Iy, I;,* * * , I, of
such sets recursively, using (xg,X,,* * * ,x,). If x; is in D(K; R), let I, = {(2i + 1)}.
Otherwise, x; € {V, A}, so x; is connected to x;_, and x;_, for a unique k¥ <i.
In that case, define I, = I _, * I;_, if x; equals V, and define I, = I, _, U I;_,
if x; equals A. This uniquely defines I, I;,* * * , I,,, and the definition of
F,,(xq, Xy, * *,x,) is completed by setting H = Q(I,,).

EXAMPLE. Suppose w(s,, S,,83) = (81, 8,, V, 83, 8;, V, A), where s; =
Gy, o) for i = 1,2, 3. By our definitions, Iy = {(1)}, I, = {3}, I, = I, * I,
= {(1, 3)}, 13 = {7}, I, = {O)}, [5 =l3x I, = {(7,9)} and I¢=1,U Iy =
{1, 3), (7, 9)}. Therefore, Q) = 0,3V Qq9,50 F,.(5,8,,V,83,8,,V, )=
(/, 7) as given below:

J=F,Q,,3 07,91Gy, G,, &, G3, Gy), and

T =Ia@@ V @) A (a3 Vay))lay, oy, ¥, as,0).
Note that we have replaced the union symbol in the expression for O(¢) by a
comma, as our F,, notation permits. We will replace union symbols by commas
similarly in subsequent evaluations of F,, applied to D(K; R) polynomials. We
will also delete final null terms, as Hg = Hg = & and s = B¢ = ¥, were deleted
above.

39. Ifw(sy, sy, * * ,85) = (%9, Xy, * * * , x,) is a D(K; R) polynomial
and m 2 ||, Is,l, * * + , Is,|, then



334 GEORGE HUTCHINSON

w(s;,8,,° °° ,sq) ~F,,(xg,%y5* **,x,), inDK;R).

PROOF. Assume the hypothesis, and let s; = (G;, o;) for i <gq. Let
F,(xg, %y, ** ,x,) = (g, 7o) for Jo = F,(QU)IHy, Hy, * * * , Hy) and
Yo = FrnW(oy, 0p, 0 ¢ ¢, aq)"IBo, By>* * * , By), where the sequences (H,, H,,
cc*,H),(Bg, By, **,B,)and Iy, Iy, ¢, I,) are formed as described
above. Define a sequence U,, Uy, * * * , U, of subsets of F (V') and a sequence
Kg> Ky, ® * * , K, of lattice constraint functions as follows: If x; = sp in D(K; R),
then U; = H; = G, and k; = f; = a,. If x; € {v, A}, then x; is connected to
X,y and x;_, for a unique k <. In this case, k; = wy(a;, &y, * * , ap)%,
and U; = Qpp_q,24—1 if x; equals V,and U; = @,y U Qy;_ if x; equals A.
Define a sequence (Jg, 7o), (V1> 71)s * * * » (J» 7,,) in D(K; R) as follows:

J,':Fm(Q(In)IUo’ U1’° t Ui’ Hi+l’Hi+2’ *e ’Hn)’
Vi = Fn ey, 050 = 0 5 0) kg, Ky * * 0 5 Ky Bis1Birz> " 5 Ba)e

(Since x, € D(K; R), the two definitions of (J,, 7,) agree.) We intend to prove
that (J;_y,%;-1) ~ (J;»7) in D(K; R) for 0 <i<n.

Consider first the following lemma: For 0 <j <, if ¢ = (i;,i,,*** ,ip) €
I, and M; = [[F,,(@|U,, Uy, * =+, Ujl], then Pfl"“ C M;. Using induction
on j, we note that I; = {@j + D} if x; is in D(K; R), and so Pf“’l = {0} for ¢
in J; in this case, and in the case j = O in particular. Assuming the induction
hypothesis, suppose x; € {V, A}, where x; is connected to x; _, and Xi_1> and
tE ;. If x; equals V,then 1=, * ¢ for some ¢, in I _, and ¢, in I;_,. Fur-
thermore, P2/*1 . | = U0, ; C M;,and P2*"' C M, _; C M;and P~ C

M;_, C M; by the induction hypothesis. Therefore

P C [Py 0y, PR P11 C My if x; equals V.

Finally, suppose x; equals A, 50 ¢ € I, _; U J;_;. Observing that PR+, U P/t ]
= L;Gm’i C Mj, we see that

P C [P PR C My o PUYY C I PN C
using the induction hypothesis. This completes the proof of the lemma.

If x; is in D(K; R), then (J;_;,7;—1) = (J;, 7;)- So, assume that x; €

{V, A}, and let k be the unique integer, 0 < k < i, such that x; is connected to
X, _y and x;_,. If x; equals V, then make defined variable augmentations at
b(21+1ym+a for d <m using the equations P} ,, | (m). Since P3* ;. |
=0k -1,2i-10m,i = Ubp,i and k; = Wiy, 0,0 =+, ) =wy_ (04,05, ...,0,F
Vw_g(ag, e, 00, 0)% = (ke_y)* V (k;—p)? the above argument proves
(Ji—1>%—1) ~ (i, 7;)- Now suppose that x; equals A. We make defined variable
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augmentations at b(,;, 1)y, +4 for d <m using P;;*}(m). Since P2t} =

Q31 —10,,,;» we obtain (J;_y, %;_1) ~ (J¥, ) as given below:

I =F,@QUUg, Uyps e * 2 Uiy Qagmys Hipys Higas * 0 0 5 Hy)s

'7,"* =fm(w(a1a 0y, * *° »aq)al"o, Kg,*** a'(,'-l,(Kk-l)a’BHpBHz,' ¢ aBn)-

We now prove that P2i*1 C [[J*1]. Clearly Iy, I,,* * *+ , I, are nonempty

sets, so we choose sequences ¢, in [, _; and ¢, in I;_, and note that {t;, ,} C I,.
Since i = n or there is a “path” from x,, to x;, we can find (possibly empty)
sequences t3 and ¢, such that t; =3 % ¢; * 1, and t; = (3 * 1, * 1, arein [,.
Now, P:Z' C [[Q‘s’ Q‘e” C [[ou1] € [[JF]1]. (For example, P2, C [[Q, 34,
0,579]1) But then

B3] C [P, P21 P PR Y] C (2],

using the lemma and the equation Q,, _,0,, ;= P7i*Y. So (JF*, v/) ~ (J;, ¥;)
by linear combination augmentations adding the equations P3/*{ = 0,; 90, .,
followed by constraint decreases at b, 1)m4q for d < m using these equations,
since K; = w0y, 05,0 0, =w (e, a5, o Awy(ey, 0,0 00,0
= (Kg_1)? A (k;_,)?. This completes the proof that (J;_, v;_,) ~ (J;, ;) for
0<i<n.

Let J = F,.(Qy,411Up> Uy»* * ¢, Uy,), and recall that

J, = F,(QUIU,y, Uy, * =+, U

For ¢in I, note that P2**! C F, (&1U,, Uy, * * *+ , U,) by the lemma, and
also that [[Q,,,4,, P2"* 1] = [[Q, P?"*!]]. But then [[J]] = [[J,]] fol-
lows, and so (J,,,7,) ~ (J,v,) by 3.7.

Finally, we prove that (J, 7,) ~ w(s;,$,, * * * ,s;) by induction on n. If
n =0, then (x,) = (sj) and w(s;,s,, * * * ,8;) =s; for somej. So,J = F,(0,IG))
and v, = (¢fl;), and (J, 7,) ~ (J', 7,) for J' = F,,(Q,, G;1@) by 3.8 and 3.7.
Replacing @, by — 0, using 3.7, and eliminating — Q, by defined variable dele-
tions at b,,, , ; for d < m, we obtain (J V) ™~ s;. This proves (J, 7,,) ~
w(sy,8,,° ,sq) ifn=0.

Now suppose that n > 0, so x, € {V, A} and x,, is connected to x, _, and
X, _, for a unique k, 0 <k <n. Thatis,w = w,_,;x,w,_,,where w, _, =
(egs Xy5*** , X_y)and w,_; = (X, X3 415° * * »X,_y)- Suppose that w,_,
~u, and w, _; ~ u, are the equivalences obtained by using the induction hypoth-
esis for w, _, and w,_,. If p > lugl, lu,l, then w ~ y,(ugy, u,) if x,, equals V
and w ~ zp(uo, u,) if x,, equals A.

Suppose x,, equals V. Using 3.4 to eliminate null equations a; = b, , 4 ~
b3p4q for m <d <p and then renumbering, we can show that y,(ug, u;) ~
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Wy, A,) as given below:

— 2n+3 p2n+S5 ce e
Wi =F,Q@an+32n+sPak1>Pan—11Up Uys* 2, Uy ),

7\1 =fm(W(Cll,C!2,' °° aaq)alk(p K1’° ¢ 9Kn_1,‘pw»(nk—l)a’('(n—l)a)'

If we introduce equations P77 *1, _, by defined variable augmentations at

b(an+1)m+q for d <m, and then apply 3.7 by noting that:

2n+1 2n+3 p2n+s
[[Q2n+3,2n45  Pak—1,2n-1> P31, Poniil]

= [[Q2n+l ’ Pgl'czjll,Zn—l’ Pzzl'cl:la’ Pgr':-—'-ls] ] ’
we obtain (W, \,) ~ (W,, \,), where

Wy = FuQans1s P3R23 PantilUp, Uyt o o, Uy,
Ay =L Way, 0,0 00 5 00) Mkg, kyst o0 Ky (g 1), (K g)?)-

(Recall that U, 0, , = P3e1,,_1) But (W,,2,) ~ (J,7,) by eliminating
P21t3and P25 by defined variable deletions. This proves that (7, v,) ~
Ww(s;,85,°° ° ,sq) if x,, equals V.

Suppose x,, equals A. Using 3.4 to eliminate null equations a; — b, , 4 and
@y = b3p 44 for m <d <p and renumbering, we can show that z,(u,, u;) ~
(W3, \3) for

—_ 2n+1 2n+3 . o o
W3 - Fm(QZn-H’ Q2n+3’ P2k—l’ Pzn—l IUO’ Ul’ ’ Un—l)’
)\3 =fm(w(a1’a2: ¢ ,aq)al"o, Kis®** 5Ky 1> (Kk—l)a, (Kn—l)a)'

Since U,,6,, , = P2p*1 U P1*1, we use 3.7 and the equation

[[Q2n+l’Q2n+3’P§:i?]] = [[Q2n+v'“Q2n+1"'Q2n+3’P%:i{]]
to obtain (W3, A3) ~ (W,, A3), where
Wa = FpuQans15= Qans1>~ Qan+3lUps Ups e =, )

Finally, (W,, A3) ~ (/, 7,) as follows: Make constraint decreases at by, 4 1ym +4
and b3, 4 3ym +4 fOr d < m using the equations = @, ,, , and — Q,,, 3, respec-
tively. Then eliminate — Q,, ., by linear combination deletions and eliminate
= Q,,+3 by defined variable deletions. This completes the induction proving that
(> 7,) ~ W(s15 825 * * * 8,), and so we have proved 3.9.

DEFINITION. Let s = (G, @) and t = (H, §) in D(K; R). Write s << t if
GO H,o" C §° and a(b,) C B(b,) for all k < |tI.

3.10. Ifs<<tinDK; R),thent V s~ t.
ProOF. Assume s <<t in D(K; R) for s = (G, @) and t = (H, ). Choosing
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m 2 |s|, |t| and using 3.9 and the renumbering function tr,,, (0, 2), we obtain
tVvs~F,(t,s, v) ~(,;,7,) where

',l = Fm(Q3,5|¢’ G’ H) and 71 = fm((a \ B)alww’ Q, 6)'

Introducing equations J = {by = by, 41 ~ bam+x: k < Itl} C P9, and equations
P} 5 by defined variable augmentations at b, for k < |t| and at bty fork<m,
we obtain (J,, ) ~ (/;, 7,) for

J2 = Fm(Q3,5’J’ P;,slg’ Gr H) and 72 =fm(ﬁa|ﬁs «, ﬁ)-

(The hypotheses a® C ° and a(b,) C B(b,) for k < |t| were used.) From 3.8
and the hypothesis H C G, we obtain [[J,]1] = [[F,,(Q35, J, Pi5IH, G, 2)]].
Since = P35 = P}® and [[Q35, PP*]] = [[Q,, P}*]], several applications of
3.7 show that (J,, 7,) ~ (3, 7,) for J3 = F,,(Q,, - J, P2*|H, G, @). But—J
and P}® can be eliminated by defined variable deletions at b,,,, ., for k < |t| and
at by, . i for kK <m, respectively, again using the hypotheses for a and 8. So,
V3 12) ~ V45 71,) for Jy = F,,(Q,|H, G). Finally, observe that (J,, 7,) ~ F,,(t)
by the inessential variables deletion of GO, using {b;: 2m <k < 6m}. There-
fore,t Vs ~ t by 39 and transitivity, completing the proof of 3.10.

3.11. M(K; R) is a modular lattice.

Proor. By 3.6 and 3.3, M(K; R) has well-defined and commutative meet
and join operations. Let s = (G, a), t = (H, §) and u = (/, 7) in D(K; R), and
m = max{|s|, |tl, lu]}. To prove the associativity of join in M(K; R), we use 3.9
and observe that F,, (s, t, u, v, V) = (G, &) for G, = F,,(Q, 34IG, H, J) and
o, = f,((@V BV 7)a, B, 7), and that F, (s, t, V, u, V) is the renumbering of
(G, ay) by tr,,,. (2, 3). Replacing vV by A and 0135by 0,,03, Q5 above, a
proof of the associativity of the meet operation in M(K; R) is obtained.

We now prove that s, ~s, if s =(svVt)A(sVu)ands, =sV
(t A (s Vu). By 39 and the renumbering function tr,,, (3, 4), we have
so ~ F,G,t, V,s,u, v, \) ~ (H,, B,), where

Hl = Fm(Q1,3’ Q7,9|G9 H’ Q', J: G):
By =@ VB) A (@V 1)la, B, ¥y, 7, @)

If we introduce equations PJ** and P}*S by defined variable augmentations at
bam +x and bg,, 4 for k <m, and then apply 3.8 and 3.7 using these equations,
we obtain (4, 8,) ~ (H,, B,), where

H2 =Fm(Ql,3’ Q7,9’Pg’4’ P9l,SIG’ }1' G’ J’ ﬁ)’ 32 =fm((ﬁ1)a|a:ﬁ: a,?y, a)~
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We can now use 3.7 to replace Pg** by P§ 4 and P}*® by P ¢ (negation) and
also replace 0, 4 by Q, 55, since [[P] 5, @; 011 = [[P} 5, Q;5,]1]. But then
it is possible to eliminate Py , and P s by defined variable deletions at bg,, , ;
and by, 4 for kK <m, and obtain (H,, B,) ~ (Hj3, ;) as follows:

H3 = Fm(Ql,3’ Ql ,5,7|G’ H, G, J)’ Ba = fm((Bl)ala’ 6’ a, 7)'

We now add equations Pg",., C [[Qy,35 Q15711 by linear combination augmenta-
tions, and then make constraint decreases at b5, ., for & < m, using these equa-
tions. Then (H3, 83) ~ (H,, B,), where

H4 = Fm(Ql,:«)a Q1,5,7s P53,7lG, H, G, J),
Bs = fin((B1)%la, By, @, 7) for (By)* = (B A (& V 7))* and (B, b= gb,

Finally, we make constraint decreases at g, for kK < m using the equations of Q, 5,
then make constraint increases at b5, , . for kK <m using P53’7 equations and
reversing the previous constraint decreases at by, . ;, and then eliminate P;, by
linear combination deletions. This proves (Hy, 8,) ~ (Hs, B5) as given below:

H5 = Fm(Ql,ay Q1 ’5,7‘0’ H,G,J), 65 =fm((a VEA@V?))le,B,a,7).

(We have used the fact that (8,)° A (85)® = (B5)® because x V (¥ A (x vV 2)) C
(x V») A (x V 2) in the lattice K.) But (Hj, Bs') =F,G,t,s,u, v, A, V)~ s,
by 3.9, so we have proved the required equivalence s, ~ s, .

We now prove the absorption laws for M(K; R). It is easily checked that
F,.(s,t, A\) <F,,(s). But then we obtain the absorption equivalence s V (s A t)
~ s by 3.10, 3.6 and 39. Furthermore, if we substitute s A t for u in the equiva-
lence s, ~ s, above, and then reduce both sides of the resulting equivalence using
the above absorption equivalence, 3.3 and 3.6, we obtain a proof of the dual
absorption equivalence s A (s V t) ~s. Therefore, M(K; R) is a lattice. But then
the equivalence s, ~ s, proved above implies that M(K; R) is modular, completing
the proof of 3.11.

3.12. Forany (0, 1) lattice K, y: K — M(K; R) is a lattice homomorphism
such that Y(w) is @ minimum element for M(K; R).

ProoF. For x, y in K, we can show that (&, ¥,vy) is a union deletion of
(B, ¥,) V (2, ¥,), and so they are equivalent. Starting from (&, ¥,) A (&, ¥,),
replace a, — b;by —a, + b; for j = 2, 4 using 3.7. Then constraint decreases
and defined variable deletions at b, and b, lead to the result (&, ¥, A~ (3B, 0,)
A (&, ¥,). Therefore, Y is a lattice homomorphism. If s A (&, ¥,) = (/, 7) in
D(K; R), we observe that y* = ¢ ,. Therefore, s A (&, V) ~ (&, ¥,,) by 34,
and so Y(w) is a minimum element for M(K; R). This proves 3.12.
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DEFINITION. Let m > 1. For g in Fx(V), A,,,(g) denotes the & in Fr(V)
such that h(a),) = 0 for k <m, h(a;) = g(a _,,) for k> m, and h(b,) = g(b;)
fork = 1. If G C Fx(V), let A,,,(G) denote {7, (g): g € G}. Similarly, if a is a
lattice constraint function, let A, («) denote the lattice constraint function 8 such
that f(g;) = w if kK <m, B(a,) = alay_,,) if K > m, and B(b,) = o(b,,) for k > 1.
Let D, (rg,ry,* * * s 1y) for rg,ry, ¢ ¢+ ,r, in R denote

rodx + 1@k Y Rtypmyp ¥ 00ttt k=1,2,0 00 m)

For example, D, (1,r) = {a; + ra,, . ;: k <m}.

If s = (G, ) in D(K; R), let m,(s) denote (A, (G), \,,,(®)) in D(K; R), and
let §,,(s, r) denote (A,,,(G) V D,,,(1, 1), §,,()) in D(K; R) for r in R, where
3, (@ =a®, 5, ()@, = afg,) for k <m, and §,,(2)(a,) = &(a;_,,) for
k>m. If m > ls|, then §,, (a) = a® V 7, (a).

If s ~ t in D(K; R), then m,,(s) ~ 'm(t) and §,,(s,r) ~ §,,(t, r) for rin R
can be verified without much difficulty. If x = [s] in M(K; R), therefore, we
can define 7, (x) = [n,,(s)] and §,,(x,r) = [5,,(s, r)] in M(K; R), independently
of the choice of representative s of x.

Let |x| denote min{|s|: x = [s]} for x in M(K; R). We will consider 7, (x)
and §,,(x, r) only when m > |x|. Observe that |m, (x)| <m + |x|. Furthermore,
16,,(x, Nl <m + |x|, deleting null equations from D,,(1, r) by 3.4 if necessary.

Interpretation. Given an embedding ¢: K — I'(M; R) such that ((w) = 0,
let the solution set v*(x) of x in M(K; R) be the common solution set »(G, a, t)
of all the representatives (G, @) of x, (G, &) in D(K; R). For k = |x|, the solu-
tions of x in l‘f(MN;R) are certain sequences of the form (v, v,,***,v,,0,0,* ¢ *),
where v, EM for i <k. If m 2 |x|, then (v;,v,,* * * ,v;,0,0,* + *) is in v*(x)
if and only if the two sequences below are in v*(m,, (x)) and v*(5,,(x, r)), respec-
tively:

(0,0,°*+,0,v,0,,***,0,0,0,°++),

(-rvl’.rv2a. M 9-rvk’0,. b ,0,01,02,' ° ’vk,o,oy. * .)°

(In both cases above, v; appears in the (m + i)th position of the sequence.) That
is, v*(m,,(x)) is an R-module which is isomorphic to v*(x) and is disjoint from
v*(x) in L N. R), obtained by translating m coordinate positions to the right.
Furthermore, »*(8,,(x, r)) is the “negative graph” (see [7, §2]) of the R-homo-
morphism rF, where F: v*(m,, (x)) — v*(x) is the translation isomorphism.
(Since R is commutative, rF is R-linear.) In particular, »*(5,,(x, 1)) is the nega-
tive graph of F and of its reciprocal F ~1: v*(x) = v*(n,,(x)). In Aprx;r)> Maps
can be specified by suitable pairs of lattice elements, each element acting like the
negative graph of an R-homomorphism. To specify §,(r): 4 — A4 for 4 = x/Y(w)
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in App; gy We Will use the elements §,,(x, 7) and §,,(x, 1) for m = |x|. This
corresponds to the composite

v*(x) e V* (1, () pres v*(x)

in the interpretation. The definition of {,(r) for arbitrary objects 4 of Ay gy
is a slight modification of the definition described for the case above.

3.13. Ifxisin M(K; R), risin R and m 2 |x|, then &,,(x, r) C x V m,(x),
m,,(x) Cx V8, (x, r) and r = 1 implies that x C 7, (x) V8,,(x, r). Further-
more, x A §,,(x, r) = Y(w), and r = 1 implies that m,,(x) A 5,,(x, r) = Y(w).
Ifxg,xy,°*° ,xqarein M(K; R) and n 2 |x 1, 1,1, * = =, Ixy4l, then m,(x4)
AV x, Ve Vxy)=y(w). Ify Czin MK; R) and p > 1, then 1,(y)
Cmy(2) and 8,(y, 1) C8,(z 7).

PROOF. Assume the hypotheses for x, » and m, and choose s = (G, &) in
D(K; R) such that x = [s] and m = [s|. Using 39 and the renumbering tr,,,(0, 2),
we have §,,(s, ) ~ F,,,,(8,,(s, ) ~ (4, 7;), where
Jl = F2m(Q5(2m)|¢’ g’ Dm(l’ r) v 7\m(G))s
7] = fzm((aa V x'n(a))alw(“)’ ¢w, aa V )\m(a))°
By defined variable augmentations, the following sets of equations are introduced:

P2,(m), P§(m), P],(m) and J' = {b; +rbg,, +,: k <m}. So,(J1,7,) ~(5,7,)
as given below.

‘,2 = Fzm(Qs(zm)’ P}o(m)» Pg(m)s P;71(m)’ Jllga ﬁ; Dm(l, r) U Rm((;)):

V3 = fam(@® V N, (@)% le, Ny (@), @ VA, (a)).
Now Q,(m) C [[Q5(2m), PZ,(m)]1] and ¥,(Bgm+x) = Am(@)(@) = w for k <m,
50 (/35 72) ~ (J3 U @, (m), 7,) by linear combination augmentations followed
by null variable augmentations. Similarly, we can add the remaining m equations

of 0, 3(2m) not in @, ¢(m) by linear combination augmentations from [[Qs(2m),
P],(m)]] followed by null variable augmentations. Furthermore, we have

G9ym.0 C [[Nn(G)2m 259" PRo(m), Dpy(1,1)05,, 511 and
Au(G W2 1 € [Ny (G 25 P(m), P (m)]].

The first inclusion follows because g in G implies g6,,, o equals

m
=\, (802 2 T+ Y [e) by +rbgpii) +8@)Bopm 4k +rbiim+i)]s
k=1
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and by 4 + 70 1 ma s i the sum of by, 4o = biom+x in P2g(m) and b g, 4
+ 10145 in D, (1, N0,,, ,. The second inclusion follows from 3.8, so (J,7,)
~ {3, 7,) for J3 =J, U F,,(Q,52m)|G, \,,(G)). But

(J ’ 72) << Fzm(ss ﬂm(S), V),

and so §,,(x, r) Cx vV m,,(x) by 3.9 and 3.10.
By arguments similar to the foregoing, we obtain =, (s) ~ (H,, 8,) ~
(H,, B,), given as follows:

Hl = Fzm(Qs(zm)Ig’ ¢: )\m(G))a

H2 = Fzm(Qs(zm)’ Pg(m)’ P;71(m)a H'9 P2'6(m)|¢; Dm(I: r)’ )\m(G))’

B, = fom(An(@la, a® V A, (@), Ay, (@),

H' = {by = rbgpyy: k <m}.
(Note that D,, (1, r)0,,, ,; is obtained by defined variable augmentations at bg,,
for k <m, and that these equations must be introduced before those in P?:(m).)
We can obtain equations Q, () by negating P?:%(m) using 3.7 and then making
null variable deletions and then augmentations at each a;, k < m. The m equa-

tions of Q, 3(2m) — @, ¢(m) can be obtained by the method previously used. We
see that

G93m,0 € [Mp(GP2m 2s H's Dpp(1, 785, 15 P20(m), Py (m)]],

observing that by, 1 =011 m4x i in [[D,,(1, N0y, 1, P#5(m), P{,(m)]] for
all k <m. Using the previous inclusion for A,,(G)0,,, ;, we obtain (H,, B,) ~
(Hj, B,) for Hy = H, U F,,(Q, 52m)IG, \,,(G)). But then (Hj, 1,) K
F,,.(s, 8,,(s, r), V) implies 7, (x) Cx V§,,(x, ) by 3.9, 3.10. We will omit the
similar proof that r = 1 implies x C m,, (x) V §,,(x, r). (The condition r =1 is
needed so that the equations by, ., + 1b7,, 44 of D, (1, 1)0,,, | can be intro-
duced by defined variable augmentations at ., ,.) This completes the proof
of the first part.

By 39 and 38,5 AS,,(s,7) ~F,,,(5,,(, N, s, N ~ (H, ), where H =
F,,.(0,, 05, D,,(1, NIA,,(G), G) and 8 = f,,,(¢%|a® V ¥, (), @). But (H, B)
~ (H, B,) for fg =¥, and ﬁb = B? by constraint decreases at a, using a, +
ra,, ., for each k <m. Since (H, By) ~ (2, ¥,,) by 3.4, we have x A §,,(x, r)
= Y(w). The proof that r = 1 implies that 7, (x) A5, (x, r) = Y(w) is similar,
completing the second part.

Assume the hypotheses for xy, x;,* * * ,x; and n. Foreachi, 0<i<d,
choose s; = (G, ;) such that x; = [s;] and n > |s;| if i = 1. Using 3.9, m,(x) A
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(x,VxyVereVxy)=,1] for some (J, ) in D(K; R) such that y* =
(o) Ay Vay Ve s Vay))? Buty? =y, is easily verified, and so
V, 7] = [2, ¥,] = ¥(w) by 3.4, proving the third part.

Suppose y C z and p = 1. Choose s, and t, such that y = [s,] and z =
[to], and let g > [syl, p + Itol. Then y = [s] and z = [t] for s = F(t,, 59, )
and t = Fq(to), using 39. By inspection, s << t, m,(s) K m,(t) and §,(s, 1) <K
8,(t, ). But then m,(y) C m,(z) and 8,(», 1) C8,(z, r) by 3.10, completing
the proof of 3.13.

3.14. M(K; R) is an abelian lattice.

ProoF. By 3.11 and 3.12, M(K; R) is a modular lattice with smallest ele-
ment Y(w). To prove that every x in M(K; R) can be “tripled”, we observe by
3.13 that m = |x| implies

xvm,(x)=xV$§,x, 1)=mr,(x)vs,(x1), and
xAm, (x)=xA85,(x, 1)=m,0x) A3, (x,1)= Y(w).

Therefore, M(K; R) is an abelian lattice by [7, 4.1, p. 181]. (Note that the
above proof simply adapts the proof of [7, 4.2].)

We next prove two complex inclusion relations in M(K; R) that are needed
to complete the verification of 2.6.

3.15. Suppose x, y, zarein M(K; R), m = |x|, |y, p=2mand zC x V
m,,(»). Forrin R, let w(r) denote G0, ) V2) A (m,(x) v ,,(»)) in MK; R).
Then for any ry, r, in R, it follows that

W) V,,(y, 1) A () v ») CW(ryry) v 8, (¥, D) A (my(x) V p).

PROOF. Assuming the hypotheses, choose s = (G, @), t = (H, f) and u, in
D(K; R) such that x = [s], y = [t], z = [uy] and m > |s|, |t|. Because of the
hypothesis z C x V 7, (), we have by 39 that, for a sufficiently large j, uy ~ u
=, 7) = F;(uy, s, ,, (1), v, A). Note that y* C (& v A,,(8))%, and so ¥(g;) =
wifi>2m.

Suppose k = 2p, |u| and n = 8k, and let Dy(r) denote {ra,,; = by 54y
i <m}. Weintend to define G, H,, and « independently of r such that w(r) =
[w(r)] for w(r) = (Dy(r) U Gy U Hy, ap), g in G, implies g(a;) = 0 unless p <
i<p+mandg(b;) =0 unless i <n,h in H, implies h(a;) = 0 unless m <i <
2m and h(b;) = O unless n <i <2n, a5 C (N, (@) V A, (8))° and ay(b;) = w
for i>2n. Now w(r) = [t,(r)] for t,(r) = Fi(8,(s, ), u, V, my(s), m,, (1), V, N)
by 3.9. Using the renumbering tr,, (1, 5), we have t,(r) ~ (H,, ), as given
below.
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H, = Fk(Ql,lp Q7,9|Dp(l’ Ny Ap(G)’ 2, 2, 7\p(G): A, (H), J),
08 = (0% V ,@ V 1) A (@ v A, B))%,
ao = fk(ag‘aa V Ap(a)’ ‘p(_,.p ‘l/w’ )\p(a)’ km(B)a 7)'

Note that ag C (7\p(a) VA, (8)* and ay(b;) = w unless i < 12k <2n. Using
34, replace Dp(l, N0 by Dy(D = {byy; + byypyyt i Sm}, by deleting p —m
null equations. Then D, (r) can be replaced by

D))= 8; = briksi ¥ 1p4i ~TD1igspsst IS}

by 3.7, since [[D,(r), Q, 1 1011 = [ID, (™, 0 1(®)]]. Butay(a) = aO(bllk+p+i)
= w fori <m, so D,(r) can be replaced by D(r) by 3.4. So, we obtain (H,, o)
~ (H,, o), where

Hz = Fk(Do(r)’ Ql ’1] ’ Q7’9 pr(G)’ ¢, g’ Ap(G)) xpn(l{), J)‘
We now define Hy = F,(Do(r), Hy, Hs, Hg, Hy, Hg|\,(G), 2, & \,(G), A, (H), ]),
where
Hy = {=byy; = byypsi i<mly  Hg={ap ;= byypimest iSMh
He=1p4i ~bgsp+it iS<mh Hy = {84 = bopymsst i<m} and

Hy = 1{8,1; =bygspsst <M}

By 3.4, we canreplace Q, (k) by Hy U Hg U Hy and Q,4(k) by H, U Hyg, prov-
ing (H,, &y) ~ (H;, o). Furthermore, the equations of H, can be eliminated by
first replacing H, by — H, by 3.7, and then using constraint decreases and defined
variable deletions of b, . ; + by 4, at by, since v2 C (@ V A, (8))%. So, if we
define

Gy = Fi(Hy, HBI)\p(G)’ &, B, 7\p(G)) and
Hy = F,H, H,\8, 2, 8, &, \,H), )),

we obtain (H, ag) ~ (Do(r) U Gy U Hy, o). This proves w(r) = [w(r)] for
w(r) = (Dy() Y Gy U Hy, o), and it is easily seen that Gy, H, and &, have the
required properties.

The inclusion relation we must prove follows from 3.9 and 3.10 if we can
construct (Jo, 7o) in D(K; R) such that

u*(r1$ r2) = an(w(rz)’ am(ta rl)’ Vs 7Tp(S), t’ Va A) ~ (J09 70): and
Uos 70) K u*(ryry, 1) = Fp (Wt 7,), 8, (t, 1), V, m,(8), ¢, Vi, A).
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First, we use the renumbering tr,, (0, 5)tr,, (1, 6) to establish u*(r,,r,) ~
4> 7,), for J; and 7, as follows, respectively:

F2n(Q7,9, Q11’13| ¢> ﬁ, ﬁa >\p(G'): Ha Do(rz) v Go U Ho: Dm(l, r]_) v }\m(H))’
Fan@iW s eos Weos M@, By g, B2V A, (B)),
where 7§ = (o V 8%V A,,(3) A (A, (@) V B))°.

We now introduce by defined variable augmentations the sets of equations G, G,,
«++,G,, where

Gy =P(®), Gy = by ~Tibyynss i1}
G3 = bonsm+i ~T1b22nem+it IS M,
Ga = ansp+i ~baansp+it 1M},
Gs = bgnsi ~T1bransit iSny, Gg = {bgnys ~Dognsst i< m} and
Gy = ben+m+i ~T1b2en+m+it 1 <M}

Then we obtain (/;, 7;) ~ (J5, 7,), where J, =J, UG, UG, U=+ UG,
and

T2 = (11100, 8% V A, (8), Yoy Wp(@), B, &g, B2 V A, (B))-
By 3.8 and the properties of G, Hy and A, (H), we see that
GoO2n,0 C [[GoO2n,5: G1> Galls Hobzn,0 © [[Hob2p,5: G5, G311  and
A 25,1 C [Nn(H)0 65 G5, G411

Furthermore, Dy(r,7,)0,, 0 C [[Do(r2)05,,55 G55 G411 and D, (1, 1)8,, ; C
[[D,,(1, )05, 6 Gg> G711 are easily verified. Therefore, (J5,7,) ~ (/3, 72),
where

J3=J, UF,, (&I1Dy(r,r;) U Gy U Hy, D,,(1,1) U N, (H)).

We define J, = J3 U Q) 5(2n) and 4 = 7,, and observe that (J,, 7,) <<
u*(r,r,, 1). Now the equations @; — bg,4; — byyp 4y arein [[Q; 13(2n),G4l1,

and v, (b3, 4,) = Y2(B2p,41) = w, for each i <m. So, (J3,7,) ~ (J4, 7,) such
that J, contains J; and the first m equations of @, 3(2n), by 3.4. We can add
the equations a; — by, 4 ; — bgnyi 10 (U4, 7,) form <i<2mand for p <i <

p + m by similar arguments. The remaining equations of Q, 3(2n) are null equa-
tions for 7, , and so can also be added to (J4, v,) by 3.4, giving the result (J, 7,)
~ o> Vo) So,u*(ry, ry) ~ (o, o) <K u*(ry 7y, 1), completing the proof of 3.15.
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3.16. Suppose x € M(K; R) and m = |x|. Let
Y1 =, 1) V 85, (x, D) A (7, (%) V 75 (%)),
Yy =05,(x, 1)V, & D)AG@,0x)Vr;3,(x) and
Y3 =V 13,(0)) A (¥3 V T (%))
Then for any ry, r, € R, it follows that
3 V8,0, 7)) V83,0, 1) A (x VT, (x)) C8,,0x, 7y +15)

PrOOF. Assume the hypotheses. Choose s = (G, @) in D(K; R) such that
x = [s] and m > |s|. For p = 4m, we have by 3.9 that y, = [/, 7,], where
J; and v, equal, respectively,

Fp(Ql ,3’ Q7,9|Dm(l’ 1) U )\nx(G)’ Dzm(l’ 1) U x2m(G)! g’ M(G)’ )\2m(G))’
Lo (@ V Ay (@)%l V Ay (@), a? V Ay, (@), Yy Ay (@), Ag (@)

For k < m, observe that the equation a, +a,, . * 43,4k ~bpram+x ~Diptm+xk
is in [[Ql,:p D,(1,1)8 2,0° D,,q, l)ap 111. Butv,(q) = 71(b ram+r) =
Y1®3p+m+r) = w for k <m, so by 3.7 and 3.4 we have y, = [t;], where t,
®,,0,1,1) U J; 7). By asimilar argument, one can show that y, = [t,],
where t, = (D, (0 1,0, 1) U J,, 7,) for a suitable J, and 7, such that y§ =
A\, @ VA3,0@)°.

Choosing n = 6m, It,|, It,|, we observe by 3.12 and 3.9 that

(J’3 v 62m(x, r)v 53m(x» '2)) A (”m(x) Vx)= [Fn(xoa Xy, ax14)]a

where (x,, x;,* * * , X,4) is the D(K; R) polynomial:

@, (), 8, Vs ty, M3, (8), Vs ty, T3, (), Vs A, 85,08, 7)), Vs 83,,(5,75)s W M.
Let F,(xg, Xy, * * * ,X14) = (J3, 73)- Then

J3 = Fy(QU14)1Gy, Gys***, Gra)s

where G, = A,,(G), D,,0,1,1) C G;, D,,(0,1,0,1) C G, D, (1,0,7,) C
D,,,(1,1) C Gyg, D,,(1,0,0, r,) C Dy, (1, 7,) C Gy, and Q1) = Q, 3 U
Q7,9,21,25 v Q13'15’21’25- Furthermore,

73 = [u((An (@ V 0)? 1Bg> Bys* * * 5 Bya)s

where B, = a® vV A,,(a), B; = &, B3 = (A, (@) V 2, (@))%, By = A3,,(@), B7 =
(@), Big =a® VA, () and Bi5 = a® V A4, ().

For g in G, the equation A,,(8) = ZL; 8(a;)b3p4m+x I8 in [[Q;3(n),
Nn(G)0,, 011, and Y303, 4 m+x) = B1(8py +5) = w for all k <m. Similarly, the
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equation

@G + (g F 1) Y Y 03m ek T D7nik T Dontk “T1bontm+k
“13bisnamar ~ L+ 12)bo1pemar ~(r F1)bospimaer
“rboniam+k “T1P2sni2m+k ~T2B1snt3mik ~T2P21n43m4k

is in [[Q702125> C13,15,21,25 G3 0,35 G69n 65 G100n,100 G120n,12]] for each
k < m, using the properties given for G, G4, G4 and G,, above. But

Y3@am+1) = Y3@am+1) = V3G 7041 = 13C9n+1) = Y3Csn+m+x)
=130 15n4m+1) = Y3Ca1nem+x) = 13C2sn4m+1)
= 130on+2m+1) = Y3G2sn+2m+1) = Y3B1sn+3m +1)
=Y3Gz1n43mer) =@ fork<m.

Therefore, (J5, 73) ~ (4, 7v3) With J, = J3 U X, (G) Y D, (1, r; + r,), by 3.7
and 34. But (J,, 73) <D,,(1,r +r,)UX,(G),a®V A (@) =8,,(s,r, +7,),
since 7§ = (@® V A, (@))? and v5(b;) = a(b) = (@® V A, (@) (b,) for k <2m.
The required inclusion then follows from 3.10, completing the proof of 3.16.

We now give a formula for addition in abelian categories constructed from
abelian lattices. We can then define {, and complete the verification of 2.6. We
will use the notations 2, T, A!/4°, S(4, B), SI(4, B), f~,g o f, f~! and the
terms “isorepresentative”, “left sequence” and “mixed sequence” taken from [7].
Also, the notations o and 7 and the results established in [7, 3.19, p. 173] will be

used without reference.

3.17. Suppose. L is an abelian lattice, A, B, C, D is a left sequence of maps
2 — L, suppose E = E'|E° for EI = CI'v D/, and let g be in SI(C, A) and h be
in SI(D, A). Forany f,, f, in S(4, B), 71(f;) + 7(f,) = 7(d ° ¢) in A}, where ¢
in S(A, E) satisfiesc™ =(g~ NDY) A~V CY) and d in S(E, B) satisfiesd™ =
(fro8V (foh).

ProoF. We show first that f € S(X, Y) and f, € S(Y, X) such that
f~ Cfy implies 7(fy)7(f) = 1x in A;. By [7,3.11, p. 168], choose g, in
SI(X, Z) for some Z such that X, Y, Z is a left sequence. Then (g, © fy) © fis
defined, and f~ C fg and f~ v Y' = X' v Y imply that g5 C (g5 V fg)) A
X'vy'vzly=7f" V(g o f, ), using modularity. But thengy C
((go ° fo) o f)~,and S0 8y = (go ° fo) o fby [7,34]. Then

7(8o) = 7(8o)r(fo)7(f),

and the desired result 7(fy)7(f) = 1y follows because 7(g,) is an isomorphism.
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Now assume the hypotheses of 3.17. By [7, 323, p. 176], there exist
uy,u, in S(4, E) and p,, p, in S(E, A) such that uy =g~ vD°, uy; =h~V co,
Py =8"V D! and py =h"V C!. Since uy C py and u; C p;, we have
7(p)1(uy) = 7(py)1(uy) = 1, in A;. By modularity and [7, 3.2, 3.3, p. 163],
we have I(u;) = C' v D® = K(p,) and I(u,) = C° v D! = K(p,), and so
(7(uy), 7(p,)) and (7(u,), 7(p,)) are exact in A, by [7, 3.25, p. 178]. Therefore,
E=A® A and 7(u,), 7(u,), 7(p,) and 7(p,) form a direct sum system [5,
Theorem 2.42, p. 51]. Using [7, 3.3] and modularity, we can verify that c in
S(A4, E) and d in S(E, B) exist with ¢~ and d ~ as given above. Now ¢~ =
Py A py 50 7(py)7(c) = 1(py)7(c) = 14 by our previous result. Therefore, 7(c)
=(1,4,14): A—> A ® Ain A,. Furthermore, f; = (f,; ° g)° g~!, and so

=@ VUi )INA' VBYC Uy VA)AA VBY=dou) .

Therefore, f; = d o uy by [7,3.4], and so 7(f,) = 7(d)r(u,). Since 7(f;) =
7(d)7(u,) similarly, we have the equation below, in A, :

(d) = (T(f‘)): A® A— B
7(f. 2)

Now A, B, E is a left sequence by [7, 3.1, 3.2, p. 163], so d ¢ ¢ is defined. But
then 7(f,) + 7(f,) = 7(d)7(c) = 7(d ° c), using the (left) definition of sum in an
abelian category [5, p. 47]. This completes the proof of 3.17.

DEFINITION. Suppose r €R, A isin Ay, gy (that is, 4: 2 — M(K; R))
and m > |A"). Let m,(4) denote m,,(4")/m,(A°) in Ay k. gy since m,,(4°%) C
7,,(A!) by 3.13. Let {"7(r) denote the map f: T — M(K; R) in S(m,,(4), A)
such that f= = 4%V §,,(4', ). (By 3.13 and [7, 3.4, p. 164], such an f exists
uniquely.) Again by 3.13, {’7'(1) is isorepresentative, belonging to SI(m,,(4), A).
Using [7, 3.19], define §,: R — Hom(d4, A4) by setting {,(r) equal to
$hrt (1)1 A — A forn = 4.

3.18. For every A in Ap;ry $4: R — Hom(4, A) is a ring homomor-
phism preserving the unit. If f: A — B in AM(K; R and r € R, then {g(Nf =
S ,().

ProOF. We first establish the following lemma: If r,, r, are in R, 4, B
are in AM(K;R) and g: 4 —> 7, (B) form > |41, |B!| and p = 2m, then
785 (r)ersh(ry) = 78§ (1)g7¢4(r  r,). Assuming the lemma hypotheses, we
note that 4, m,,(B), m,(4) and B, m,,,(B), m,(A) are left sequences in M(K; R)
by 3.13. Therefore, f; = {F(ry) o (a(g) ° $5(ry)) and f, = ¢F(1) o
(o(g) © $5(ry r,)) both exist in S(m,(4), B). We now apply 3.15 with x = 4!,
y = B! and z = 0(g)~. Defining w(r) as in 3.15 and observing that 4° C o(g)~
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= z, we find that w(r) = (o(g) ° $§(r))~. But then
fT = W(ry) VBV 8,,(B', 1)) A(m,(4") v BY)
C w(ryr,) VBV 8,8, D) A (m,(4)V BY) = f;,

using modularity and 3.15. So, f; = f, by [7, 3.4], and 7$Z(r,)g7¢h(r;) =
7fy = 1f, = 185 (1)gr$h (ry r,) follows, completing the proof of the lemma.

Assume the hypotheses of 3.18, suppose r,, r, € R, and let n = |AY]. We
will compute 7$%(r,) + 787 (r,) using 3.17. Now, m,(4), 4, 7,,(4), 73,(4) is
a left sequence in M(K; R) by 3.13, and we have g = 5'2(1)'l ° fj"(l) in
SI(m, ,(4), 7,(A4)) and h = fjj(l)‘l ° g‘j"(l) in SI(n5,(A4), m,(A)). Letting El =
ﬂzn(Ai) \% 7r3,,(Aj) for j =0, 1, we have by 3.17 that o(r7{%(r,) + 7854(,) =
d o ¢, where ¢ in S(m,(A), E) satisfies ¢~ = (g~ V m5,(41)) A (h~ V 71,,(4"))
and d in S(E, A) satisfies d~ = (£ (ry) © &)~ V (§4(ry) o B)~. Now, 7§74 (r,) ° &)
= 1830 re g ()~ 17837(1) = 13 e ()~ 11837(,) = 185(r,) by the
lemma, and so {2(r,) © g = £3"(r,). Similarly, $%(r,) © h = £37(r;), and so
d= =A%V §,,(AY, )V 8;,(4%, r,). Define y,, y, and y; as in 3.16, with
A! replacing x. Now, y, V 7,,(4°%) = g~, using ,,(4%) V §,,(4!,1) = A°V
8,,(AY, 1) from 3.13, and modularity. Similarly, y, V 753,(4% = h~, and so
"=y, Vm, (4% Vv 1r3n(A°) by 3.13 and modularity again. But 1r2,,(A°) \
73,(4%) = E® C d~, since d is in S(E, A). Therefore, using modularity and
3.16, we have

o(r$h(r) + 188N =de )" =(¥3Vd)Am,@AY) V 4Y)
=A%V [(y3 V8,,(41, 1))V 85,(4Y,r))) A (m,(4Y) VAY)]
CAOVS, (AY,ry +r)=80Cr, + 1)

But then 7$%(r, + r,) = 785(ry) + 78 4(r,) by [7,3.4], and so

$alry +12) = 1840y + )8R ()71 = (@840)) + 14 A
= 78RR ()™ + 18R )R = 8,40r) + 8,0,
using distributivity of composition over sum in abelian categories [5, 2.37, p. 48].
If m >|A!| and p > 2m, we have
BEOF ) = rpOrsr )T E MR (1)
= ip M F ) AR = AR,

using the lemma. So, {,(r) = 787 ()r¢T (1)~ for all m > |41
If m = 2n, then
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KA('I ’2) = Tf.';(l)ff,:(l)—l"fz’ (rlrz)'r;'zn(l)_l
= ng(rl)ng(l)_lTK,'qn(rz)Tf,T(l)_l = KA(rl)fA("z)’

using the lemma and the result above. Since §,(1) = 7¢7 Mren )~ =1,,we
have proved that {, is a ring homomorphism preserving the unit.

Suppose f: 4 — B in Ay(x;g) and r € R. Choosing m > |4'], |B*| and
p = 2m, we see that

£

83 (g )~ g Wb )~
8g (Drsg )~ R ()R ()~ = 15,0,

applying the lemma with g = 7¢% (1)~ 'f. This completes the proof of 3.18.

Since 2.6 follows from 3.2, 3.12, 3.14, and 3.18, we have proved the main
theorem. In conclusion, some additional properties of the M(K; R) construction
are noted.

Let Lat , denote the category of lattices with smallest element w and homo-
morphisms preserving w, and let CRng, denote the category of commutative rings
with unit and unit-preserving ring homomorphisms. Since the construction of
M(K; R) did not use our previous assumption that K has a largest element, we can
obtain a bifunctor Lat , x CRng, — Lat, by defining M(f; h): M(K; R) —
M(L; S) for f: K — L in Lat , and h: R — S in CRng, as follows:

M(f, i)(x) = [{hg: g €G}, fa] forx =[G, q].

(Recall that g in Fp (V) is a coefficient function ¥ — R such that g(v) = 0 for
all but finitely many elements v in V) Then the following proposition can be
verified directly.

3.19. Given f: K — L in Lat_, and h: R — S in CRng, , the expression
for M(f, h)(x) determines a well-defined homomorphism M(f, h): M(K; R) —
M(L; S),and M(K; R) and M(f; h) determine a covariant bifunctor M. Lat , x
CRng, — lat_,. If fand h are onto, then M(f; h) is onto. If P;: Lat,, x CRng,
— Lat,, is the projection functor P,(K,R) = K and P,(f, h) = f), then Y(K, R):
K — M(K; R) determines a natural transformation y: P, — M.

Since L(R) is a quasivariety, it is a reflective subcategory of the category of
all meet and join algebras and their homomorphisms. (See [16, pp. 88—90] and
[19] for discussions of reflective subcategories and their relationship to quasivari-
eties of universal algebras; note that “reflection” here and in [16] is “coreflection”
in [19].) In particular, every K in Lat , has a smallest congruence g such that
K/q is in L(R). The universal property for reflection implies the following: Every
K — L in Lat , such that L is in L(R) can be uniquely factored K — K/q — L
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in Lat_,, where the first factor is the canonical epimorphism. The reflection map
K — K/q is closely related to y.

3.20. For K in Lat, and R in CRng,, the reflection map h: K — K/q is
the coimage of Y(K, R): K — M(K; R). That is, Y(K, R) factors uniquely as
K% K/q RS M(K; R) such that f is one-one.

PROOF. Since there is an exact embedding functor G: Ay, g) — R-Mod
by 2.6 and 2.8, every interval sublattice of M(K; R) is in L(R) by [7, 3.24,
p. 178]. But then M(K; R) is in L(R) because L(R) is a quasivariety, since any
universal Horn formula satisfied in every interval sublattice of M(K; R) is satisfied
in M(K; R).

Assuming the hypotheses, we obtain the following diagram in Lat :

K YE.R) o MK;R)
h f lM(h; 1z)
K/q > M(K/q; R)
V(K/q,R)

The outer rectangle is commutative because ¥ is natural, and a unique f exists
making the upper triangle commutative by the universal property of & for reflec-
tion. But then the lower triangle is commutative because % is onto. Furthermore,
VY(K/q, R) is one-one by 2.5 and 3.2, since K/q is in L(R). Therefore, f is one-
one, completing the proof.

ADDED IN PROOF. Some of the results of [6] were published in: C. Herr-
mann and W. Poguntke, The class of sublattices of normal subgroup lattices is not
elementary,* Algebra Universalis 4 (1975), 280-286.
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